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The thesis includes nine chapters. Every chapter is 
divided into several sections (Progressively numbered as 1.1 


The formulae are numbered progressively within 
g. , 6.3.9 refers to equation (9) of section 3 


each section, e 


in chapter VI . References of the research works of other mathe 


raaticlans are given in an alphabetical order at the end of every 


chapter 
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chapter I 


Multiple 


account of t!ie work done so far in the field of 


Hyper geometric Functions and Their Applications in Statistics 
No effort has been made to reproduce the complete and up-to-date 


history of the subject but only those points which have a 


direct connection with our work have been dealt with in some 


ric Functions of One Variable 


The Gau ssi a n Hypergeometric Series * In the study of second 


order linear differntial equations with three regular singular 


The above infinite series obviously reduces to the elementary 


geometric series 


2 


in the special cases \'V'hen 

( 1 . 1 . 3 ) { i) a = c ami h = 1 ; (ii) a = 1 , and b = c . 

Hence it is called the hypergeometric scries or more precLsely, 
Gauss's livnerncomctri c series after the famous German mathematician 
Carl Friedrich Gauss (l777 _ 1855) , who in the year 1812 

introduced this series into analysis and gave the F - notation 
for it . 

By D' Alembert ratio test, it is easily seen that 
the hypergeometric series in (lalol) converges absolutely within 
the unit circle, that is, when izicl , provided that the 
denominator parameter c is neither zero nor negative integer. 

If either or both of the numerator parameters a and b in 
( 1 . 1 . 1 ) is zero or negative integer , the hypergeometrIc series 
terminates and therefore, the series is atomatically convergent. 

Also series (l»lol) , when izi =1 (i.e. on the 

unit circle) is 

(i) absolutely convergent if Re(c-a-b)>0 , 

(ii) conditionally convergent if -1 < Re( c-a-b)^ 0 , % \ 

(iii) divergent if Re( c-a-b)ig. -1 


In case (i) we are led to the well known Gauss’s summation 
theorem : 




which is identically eqivalent to Vnndc rtnodc • s convolution 
theorm : 



>, M being any complex numbers . 

For a number of summation theorems for the hypergeo- 
metrlc series ’(l.!.!) , when z takes on other special values 

one can refer to Bailey ^ f PP* ® / > Erdelyi et al. 

/"l 9 , pp. 104 - 100 J , Slater ifso, p. 243_/ and Luke 
pp 271 - 273 J . 

G e n eralized Hypergeoinetri c Series . The natural 
generalization of above Gaussian hypergeometrl c series is 

given by the sei’ies 


(l .1 .T) 


p G 


a 


1 




CC 






n=0 (»,)„ 


m 




p^q • »®p> » * 'ibqj z_7, 


which is called generalized Gauss series/ or simply the generali- 
zed hypergeometric series . Here p,q ai'c positive integers or 


4 


zero (interpreting en empty produot as l) , and xve assume that 
the variable z , and parameters , ... ,ap and , . . . , 

tnlce on complex values , provided that 


( 1 .1 


S) 


'■j * 


0 


■ 2 , 


,<1 


If any parameter of numerator is zero or negative integer then 
F,, will be terminating series i,e. it will he atomati ca I ly 

P q O .! 


convergent , i f no 

parameter of 

numerator is ne 

it her 

zero nor 

n e g a t i i n t e g e r 

and 

(1 .1 oS) 

holds, then 

"t !''0 s 

erles P„ 

p q 

in ( 1 . 1 . 7 ) 






( i ) converges for 

1 Z 1 < 00 

if p $ q 



(ii) converges 

f or 

1 z 1 < 1 

if p = q+l 

and 


(iii) diverges 

f or 

all z 

J z 0 , i f 

p> q 

+ 1 

Further more , if 

we 

take 




( 1 . 1 . 9 ) w = 

q 

2 

j=l 

b . 

J 

P 

2 a. 
j=l - 





then the series 


absolutely convergent for I 71 =1 if Re(w )>0 


oonditinnally convergent for iz|=l 
-l< Re(w)$ 0 and 


divergent for 


An Interesting further generalization of the 
series p^q given by Fox ^297 and Wright ( 7llo7, /lli7 ) 

who studied asyniptotic expansion of the generalized hypergeometric 
function ♦ 



1 .2 Hv nergeo me tri c Series in two Variabl es. The success 




of the theory of hyperseometri c series in one variable has stimulated 

the development of a correspondine; theory in two or more variables. 

Appel 1 /T,p. 2967 has defined the four double hyper<Teometri c series , 
and F (known as Appel! series) analogous to Gauss's 

The standard work on the theory of Appell series is the 

monograph by Appell and Kampfe de Feriet /”2/, which contains an extensivej 

bibliography of all relevant papers upto 1926 (by, for example, L. 
Pochharamer, J. Horn, E. Picard, E. Goursat). See Erdelyi et al . /~19, 
pp. 222 - 24^7 for a review of a subsequent work on the subject; see 
also Bailey , chapter 9_^ Slater^86, chapter ^ and Exton , PP- 

23 - 28 _7 . 

Horn puts 

f(ra,n) = 


F( m , n) 


g(n],n) 


G( m , n) 
G' (ra,n) 


F’(m,n) 

where F, F* , G , G' are polynomials in tn,n of respective degree p , 

p' , q , Q' - F’ is assumed to have a factor m+1 , and G"* a factor 

n+1 f F and F* have no common factor except possibily n+1 . 

greatest of the four numbers p,p' , q,q' , is the order of the hyper- 

geometric series of order two and found that , apart from certain 

?\re 

series which are either expressible in terms of one variable or products 
of two hypergeoraetric series , each in one variable , there are 
essentially thirty four convergent series of order two ( Horn 25^2^7 
corrections in Brorngasser\i;f"5_7 ) . 



Horn Seri es . Horn riefined teti hyper^eonic t ri n serios in 

two variablos and donotpd thorn by , G,^ , , ... , H„ ; 

he thus completod the sot of all possible second ordei’ (complete) 
hy pe rtroomot rl c scries In two varia!>]os of Appel 1 and Kampe flc 
Fe^riot ^ 2_J ( seo also Grdelyi et al. / 19 , pp, 224 - 228_7 ) . 

Con f luent Hypergeome tric Se ries in Two V ariable s . 

Seven confluent forms of the four Appeli series were defined by 
Humbert £" and denoted by. f > 

c:' — * 

2 

In addition to above, there exist thijrX‘€.en more confluent 
forms of the Horn series denoted by ( Horn ^.2_27 and Borngasser 

) : 

*“1 H H 

The work of Humbert has been described reasonable fully 

/ / 7— tmmm 

by Appell and Kampe do Feriet / 2, pp. 124 - 135__/ , and the 
definitions and convergence conditions of all of these twenty 
confliient hypergeometric series in two variables are given also in 
Erdp'’lyi et al. / 19, pp 225 - 223„/ . The definitions of , fo 

and > given in Erdelyl et al . op- cit . p. 225 , equal f ons 

( 20 ) , ( 21 ) , find p. 226 equation ( 26 ) _7 are in error , 

Here we recall the corrected definition of | and (the 

confluent torms of Appell function ) and for the sake of 
brevity, we delet the definitions of similar confluent forms 
•#1 ’ *^2^ ’ ^2 ’ the remaining Appell series 

Pg i F4 : 



ni+ ri 


I'crlet) in a slightly modified notation , one may refer to', 

Srivastava and Panda 97, p. 423 , eq. (26) _/ 

A further generalization of the modified Kampe de Periet series 
was given by Srivastava and Daoust /~947 , who indeed defined the 
extension of the series of Pox/~297 and Wright 

and /Tl 1_7 ) > in two variables « 


oi,n = o 


lyx oo ; 


^ (b) (b’i 

\ m \n 

^ (c) 


|X|< OQ 

lyl < oo 


In addition to above confluent forms of Appcll series 
all ihirte^n confluent forms viz. H, > , H s Ho > H., , 


Horn series are also appeared in the literature due to Erde^lyi JJ^/ 


Kampe d e Periet Series a nd its G e n erali zation 

Just as the Gaussian Series 2 ^ 1 ^ generalized 

to pP^^ by increasing the numbers of parameters in denominator 
and numerator, the four Appell series were unified and generalized 
by Kampe de Periet Z^H/ } who defined a general hypergeometrl o 
series in two variables ( see also Appell and Kampe de Periet 7~ 2 , 
p. 150 , eq . (29) _7 ) . 

The notation introduced by Kampe de Ferie t Z7oc. cit7 
for his double hypergeoraetric series of superior order was subsequently 
abbreviated by Burchnall and Chaundy 7~6__/ . For more general 
double hypergeoraetric series (than the one defined by Kampe de 


sssssss 




1.3 Trip le Hy pexg_eJlieJLt>.Q_^^^ Lauricella / 43 , p 


Introduced fourteen complete hypergeometric series in three variables 


of the second order denoted by the symbols F 


correspond respectively 


of which four series 


to the three variables Lauricella series 


defined by 




in+n+ p 


IZK 1 


m+ n+ p 


m+n+p 


lxl< 1 





The set of remainins; ten triple series P 


apparently fell into oblivion 


that is an isolated appearance of in Mayr 


Tcross this triple series while evaluatiiu^ certain infinite 


intesrals . Saran £ RJl/ initiated a systematic study of these ten 
ti'inle Gaussian series of Lauricella's set and his notations P® 


defined below now prav 


1_ ]n+.n+ 


t then the region of convergence 


is defined as 





(l •S.S) or P ^ j 5 ^ ? ^2 5 ^ >3S ' 


'>l,n.P=0 (c,)^ f ”2^ n <'’-•!>„ 


(l~ r)(l - tO 


( a. ) ( a„) ( b ) ( b„) 

1 tTi n+ p 1 rTH- p 2 n 

( c ) ( C-) 

1 in 2 n+ p 


(1.3.10) Fp or a j » ^2 * ^3 * ^1 ’ ^ 2 ’ ’ *“1 » '^o > ®c> ’ ^ » y > ^ 


t='2>n <°3 >d <N>n,^n 


!n,n,p=0 


H'm ^^2'n ^ 

( c ) ( c ) 

1. m 2 n+ p 


( 1 .3.11) F^ 2 or Fp ^ , a2 > t j b^ , b„ j > ^2 ’ ^ »y » 2i_ 







1 'n+ n+ p 


m+ p 


1 m+ n+ p 


Srlvastava’s Triple Series H 


Durinff the 


further invest i cati on of Lauricolla's fourteen hyperceometric series 
ill three variables, Sri vastava ( /“9o7 , /“s 2? ) introduced three 


nev; complete hyperfceometric series in three variables viz. H 


Here H 


eneralization of Appell's series 


'CPneralization of Appell's series F while II is 

2 A 

yonora 1 i zat i on of both and F^ » llfhile transforming Pochhanumer' s 

douhle - loop contour integrals associated with the series F^. 


t!ie following two interesting triple liy pere^eometri c 


of Horn's type were also introduced 


by Pandey /'7_2/ 


wh e re G 


is generalization of Appell's 


eneralization of the Appell series F 


and the Horn series G 


Motivated by above work further in an investigation of 
the system of partial differntial equations associated with the 


32 



tri pie hvpe I ri e ^f'^ries H 


ava 


i new ti'iple h\- pe t gcome tri e series 0 


whioh evident 1 


t lie '.:e ne ra 1 i z a t ion 


s series 


and , Other triple hypergeomot ri c series are introduced in 

the literature by Dhawan ijj , Samar and Ext, on {T 2% 


An uni ri Cation of Lauricall 


s fourteen hypergebrnetri c 


was introfliioed by Srivastava 


yuaarupie iiype rgeometr ic Se ries . Until Exton /~'24j^ 
defined and examined a few of their properties, no si^ecifio study 
was made of any hyperyeometri c functions of four variables apart 
from tlie four Lauricella's functions and 

(4) ^ ^ ^ 

Fp and certain of their limiting cases. On account of the large 
number of such functions which aries from n systematic study of all 
tlie possibilities, he restricted himself to those functions which 
are complete and of the second order and which involve at least 
/ne product of the tj^pe (a, k+m+n+p ) in series representation ; 
k,m,n,p are indices of quadruple summation . Exton /~247 defined 
2A quadruple hypergeoraetric series in the following way : 


jZ a , a , a , n ,b ,b ,b , c; d ,e 
(a, k+m+n+p) (b,k+iw-n) 
(d ,k+p) ( e, ,m) { e^ ,n 



( a , k 4 - riH- n+ p } ( b , m+ n) ( c , p) 

(d, ,k) (c!„,m) (d„,n) (d ,p) 


111 .. P 

X y z u ‘ 

k!. mj m pi 


(1.4.3) ,b^ jbg ,b2; 0^ Og jCg j ; x,y,z,u 

( n ,k+ ni+ rH- p) (b^,k+m) (b^.n+p ) m 


(c^,k+p) (c^jiw-n) 


k m n p 

2 L- -i: -2 yl , 

k! m! n{ pi 


(1.4.4) 


k'^ Z a,a,a,a;b^ ,b^ jb^.b^; e,d^ ,^^, 0 .-, x,y ,z ,u_/ 

(a,k+nH-n+p) (b^ ,k+m) (b^jH+p) 

(c,k+p) (d ,m) (d„,n) 


(1.4.5) /"a,a ,a,a;b^ ,b^ ,b2,b2;c^ ,C 2 ,Cg,c^;x,y,z,u _7 



(a,k+m+n+p) (b^ ,p+m) (bgjb+p) ^k ^ _u£ 

(c. ,k) (c„,m) (c„,n) (c.,p) 


(1.4.6) Kq /"a,a,a,a;b,b,c^ ,C2;e,d,d,d; x,y,z,u _7 

' (a,k+m+n+p) ( b ,k+ra) ( c. ,n) (c^,p) k ra n p 


(e,k) (d,m+n+p) 


^ y z _ui 

ki ml m pi 


(1.4.7) /■a,a,a,a,b,b,Cj ,C2;d^ ,d2,d^ ,d 2 ;x,y,z,uJ 7 




(ajk+m+n+p) (b,k+ra) (c. ,n) (cpjp) k ra n p 


(d^,k+h) (d 2 ,m+p) 


2 L_ —X z 
k', tnj 11 > pi 


(1.4.8) Kj^ £~ a , a ,a ,a; b ,b , , Cg ; d , 6 ^ ,d jCg ; x ,y , z ,u _/ 


(a,k+m+n+p) (b,k+m) (c. ,n) (c„,p) k ra ti r 

^ r- -V- ; .- y ., ^ u 

^ (a.ktn) (e. ,m) (e„,p) *"• "! Pi 





( a jk+m+rH- p) (b ,k + m) (bp,n+p ) k 


(c^,k+p) (c^,m+n) 


(a,k+m+n+p) {b,k+ra) (c^,n) (c^jp) 

___ ^ -^7 — 



(cjk+riH-n) (d,p) 


k+m+n+p) (bj,k) (h^, 
( c jk+m) ( d. ,n) ( d 



Eo jtw-n 


0 ,k+ m+n+ p) 


k+m) ( Eg ,k+p) ( Eg , 
(c,k+re+n+p) 


I 
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Reoenily , Sharma and Parlhnr _/~ 8 ^7 further introdiicod 83 


■)f four variables F 


e r e n mo t r i o f u n o t i o n 


It is vsorth}' to note that out of these eighty thi 


funct ions 


ninteen funotions had already been introduced by Exton 


see also C hand el and Kumar 


in different notations 


Very recently , Ghandel, Agrawal and Kumar 7~13__7 also 

introduced seven more possible hypergeometric functions of four 


variables 


of Several Variables 


Several authors like Green Z~3^ , Herraite £^3\J and 
Didon/ i 8_/ have discussed certain specialized hypergeoraetric 





fun oti ons . Lauricf-^lla / 4 ^ approached this topic systounati cal !y 


and startin'.^ with t!ie Appall functions, he proceeded to define and 


study the following four important function 



F are the Appel I series 


■>.vhe re 


The confluent fo’-ms of the Lauricella's fimctinris are defined a 


Srdelvi 


(cf. Humbert /~34 , p. 429_7 ; also see Appell and Kampe do Feriet 
/“2, p. 134, eq. ( 34 ) J ) 


clear that 


are confluent hypergeometric series of two 


whe re 


variables Brdelyi et al 


Further , Srivastava and Exton 7”®® 


p. 3T3, eq. (l2) J introduced 


confluent series 



while Exton 27 


eq. (2. 1.1. 4) and (2. 1.1. 5) J also 


introduced the confluent series 


whi ch 


are generalizations of 


Generalizatio n of L a u rice ll a Serie s . An i n t e re s t i n g 


generalization of Lauricella's multiple hypergeonietri c series F 


and Horn 


double hypergeometric series was given 


Srivastava and Daoust ( / 95 , p. 494_/ Also see Srivastava 
and Manocha /“ 102 , p. 64, (l8) , (l9) ,( 20)_7 ) introduced a 

roost generalized raultiple hy pergeoraetric series which is defined 





1 1 1 e rna t i va I y by 


where 


and real and posit iv 


is "taken to abbreviate the sequence 
j ( b ' ) abbreviates the seQiienc 


parameters b 


with similar 


interoretations for { c) and ) , i=i , . . . .For n 

above senes reduces to the series in two .variables defined by 
Srlvastava and Daoust /“g 47 For more study one may refer to 
Sri vast ava and Karlsson /~ 10i7 . 




Exton( r 257 


Other Generalizatinns of Lauri cal la' s Series 


i nf roduced following multiple li\'pr‘rgeomo 1 ric 


Motivated by Exton ' s work Chandel 7~8/ introduced following 
tnultinlc hypergeometric function closely related to Lauricella’s 


Exton 7~”20 , p. 193 , eq. (l.S) J also introduced the multiple 
!;ypergPomo tri c related to Lauricella's p''"^ 


q = p , it reduces to Sxton ^23 


p . 86__/ (Also see Exton 






/ 27 , p. 10-1, e'l. ( 3 . 6 . 1 ) _7 ) , which is multivariable 

generalization of the Hom series 


Inter mediate L auricell a’s Functions. By making an 
appeal to a commendable idea of interpolation between Lauricella’s 
Chandol and Gupta / 9_/ introduced the following three multiple 
hypergeoraetri c functions related to Lauricella's functions : 


( 1 . 5 . 13 ) a,b,b^^^,...,b^;c^,..,c^;x^ , ...,x^ __/ 


(a,m^-f . .+ni ) ( b ,m^+ , .+ra^^) ( 

(ci ’®i^ • • • ^ 


Exton nlso considei'ed three other generalizations 

)rn series denoted bv ^ . j = 2,3,4-. His series 


of the Horn series denoted by 

^ P^ TT ( n ) -5 .-1 -f >i>t 1 t r T7 T 'tT i X. ^ t 


His series 


h);”' i s simply Erdelyii series H Z~2l, p. 13, eq. (28) 7 

n j p 


while for other two remaining generalizations one may refer to 


Exton /2T, p. 97 , (3.5.l) , (3.5.2) 





It is clear that 


Chandel and Oupta / 9_/ also introduced the following confluent 
forms of the above series 







one may x*efer to Srivastnva 


and Panda 


In the present thesis, we introducje and 


several confluent hypergeometric functions of multiple hypergeometric 
functions of several variables ( see also Chandel and Visliwakarma 


^•6 Appli cations of Fra ct ional Calculus . The theory 
and applications of fractional calculus are based largely upon the 
familiar differential operator defined by (cf. e.g. , Oldham 

and Spanier / 77 , p. 49 , Lavoie et al . /” 44? and Ross /~ 8£7 ; 

see also Srivastava and Owa 103 , p. 356 *7 ) 


where 


fractional derivative 


other hand, when w 





ui xraci.ionai aerivatives land fractional 
integrals ) of special functions of one and more variables is important 
from the point of view of the usefulness of these results in ( for 
example) the evaluation of series and integrals (cf. ,e.g. , Nishiraoto 
Z~757 and Srivastava /"lOS? , the derivation of generating functions 
( Srivastava and Manocha /■l02 , chapter 5_7 ) and the solution of 
differential and integral equations ( cf . Nishimoto ^7^7, and Srivastava 
and Buschman /“99 , chapter 3_7 ; see also Me Bride and Roach , 

Nishiraoto fig , and Srivastava and Saigo /”l047 ) . Motivated by 
these and avenues of appli cations , a number of workers havo 


In the present thesis, we obtain several fractional 
derivative formulas involving multiple hypergeometric functions of 
several variables discussed in this chapter . 


^ cations of Multipl e Hypergeometric Functions in Statistics 



Robbins and Pitman ♦ Strawderman Thaung ^108/ , and 

Wilks £ 109? . 


Srivastava and Singhal £ ‘i-0§J studied many of the 


which were associated with 


classical statistical distributions 


the beta and gamma distributions . Further Exton £2,£/ discussed 


generalized beta and gamma distributions with other special multi 


variate distributions. He also discussed the expectations of some 


functions involving Lauricella’s multiple hypergeometric functions 


we extend the above 


work and obtain some probability density functions associated with 


the multivariate beta and gamma distributions and make their 


applications to obtain some expectations involving the most generalized 
multiple hypergeometric function of Srivastava and Daoust £9£/ 
defined by (l.5.,7) or (1.5.8) ( also see Srivastava and Manocha 

£102? , p. 64 ) . 


Finally, we also derive the moments for these multivariate 


beta and gamma distributions and discuss their special cases to 
obtain the results involving other multiple hypergeometric functions 


In the chapter II , we establish relations between 


hypergeometric functions of three aiwi four variables 


The chapter III deals with the fractional derivatives 
Involving hypergeometric funotiaaa ef irariables 



In the chapter IV 


for generalized multiple hypergeoraetric functions of Srivastava 
and Daoust and discuss their special cases to obtain new 

generating relations for other multiple hypergeoraetric functions 


In the chapter V , we study Karlsson*s multiple 
hypergeoraetric function ^3^7 a^d introduce eleven confluent forms 
of multiple hypergeoraetric functions with their applications in 


obtaing their recurrence relations 


Chapter VI deals with the use of theory of fractional 
integration to derive Eulerian integral representations for Karlsson's 
multiple hypergeoraetric function Z"367 and for various confluent 
forms of multiple hypergeoraetric functions introduced in the chapter 


we evaluate fractional derivatives 


involving multiple hypergeoraetric functions of several variables 


In the chapter VIII and IX on Applications of 


Multiple hypergeoraetric functions in Statistics , we establish 
various probability density functions associated with the multi- 
variate beta and gamma distributions and make their applications 


to obtain variaous expectations Involving the multiple hypergeoraetric 


functions of several variables. We also derive moments for these 


multivariate beta and gamma distributions and discuss their special 
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SOME relatio ns betwee n m^PERGEOMETRlO 
FUNCTIONS OF THREE AND FOUR VARIABLES 


2.1 INTRODUCTION : Lauricella 1 p. 114 _/ introduced 
fourteen complete hynerffeometri c series in three variahles of 
the second order , He denoted his triple hypergeometric series 


by the svomhles F 


4 which 


Fj. and F^ correspond resnectirelv to the three variables 


Lauricella series F 


(3) p(3) 


. F-,3^ and 


fi't 

F^ ' respectively. 


After a gap of long time, Saran /'.'ij initiated a systemic 
study of remaining ten series with the notations F„ , F„ , F_ 

T • hi - T ■ T - h - T h f”'- T . hj . f’s • 


F F’ 

.3 ’ 11 


F 

’ 6 


F F 

12 ’ 10 ’ 


, and F^^ respectively 


Exton /"l ,2 ,.'lj introduced 21 complete liypergeometric series 


*‘r> » * * * f 


^91 four variables , Sharma and Parihar 


£ ejintroduced 83 complete hypergeometric series , F^ , . . . , 


F^^ of four variables 


It is remarkable that out of these 


83 series, the following 19 series had already been appeared 

-e ' 

in the literature due to Exton /l, 2,^ In the different notations; 





mm 



chapter, we shall establish certain relations 


involving above hy perge omr? tri c functions of three and four variables; 



Consider 


ra+n+p 


T he re f o re 


where | u|< 1 


Applying the sarae techniques and make slight 
adjustment in interchanging of variables, we derive the 
following relationships ; 


-a r,(3),'„ V K >_2 ) 


( 2 . 2 . 2 ) (l-u) *^2*^3’*^! ’®2’®3*l-u*t-u N -u 


43 


V(a,bj ,b 2 ,b^,b^;c^ ; x,y,z,u ) 


|x| + lyl + |zi + |ui<l f lUK 1 . 


( 2 . 2 . 3 ) (l-u) ^ ^ 


^ 76 ^ (a^ ,a^ ,a^,a2,b^ ,b4,b^,b2;c,b4,c,c;x,u,z,y ) , 

luKl , — 1<^ ’ |yl<f » izKl 


( 2 . 2 . 4 ) (l-u) 


F^*^^ (a,b : c,,c_c, ; ^ 

C ’ 1 ’ 2 ’ 3 t -u l-u l-u ) 


K (a, a, a, a : b,b,b,c ; ) > 

^ 4 X 4dJ o 4 


-I" 

. t y 


luKl , - + 7^ 

' t -u I 1 -u 


1 -u 


< 1 


(2.2.5) (l-u)"''" (a,bj,b 2 ,b 3 ; c ; ^ ) 


1 -u 1 -u 1 -u 



I zl< 1 


■ iim» ■ 


(2.2.7) (1 — u ) u’1— u’1— u ^ 


= (a^ ,aj ,a^ ,a^ ; b 2 ,bg.b^ ,c^; c^,C 2 ,c^ ,c^; z,y,x 


u ) 


lu!< 1 , if Ij-rTil ^ ^ ’ 

then T ■+ ( \/s + y± )^= i . 


V 

1 - u 


< s , 


z, 

1 - u 


\< 


(2,2.R) (l-n) “ Fjy *^1 »^2’^2’^1 ’7?^ 


F4 ^ (^,a^.a^,C4, b2,b2,b^,b2;e3, 0^.04,04 ; z,x,y,« ) , 

! y I . . 


\u\< 1 ^ if IxUr , IT-T'I'^ ^ ’ ITIT — 1 *^ ^ ’ 

then r + ( Js + t )^ = 1 
-b 

( 2 . 2 . 9 ) (l-u) Fg (a^ ,a^ ,a|,b 4 .bgjbg; c^c^jOg*, ) 


( 4 ) / \ 

* ^ ^ ^ * "^1 ^ ^ ^ ^ ^ ^ f y f ^ f / p 

ul< 1 , if j 1 r > I yl < s , lzl< t , then r+ ( + \/t )^=1 


( 2 . 2 . 10 ) (l-u) ^ Fp, (a^ ja^ ,a^ .b^ ,b 2 ,b^ ;Gj ,c 


c — 2L. -JL- - -Z 
2’ 2’1-u’l-U’ 1- 


-2-, ) 
l-u ' 


Kr (a4,a ,aj,ap-,b^ ’^1’^2»''3 ’ o^,c^ ,c^,c^;y,x,z\u ) , 


[uK 1 , IF jj— )< r , 

then (l-s)(s-t) = rs 


1 f < r 


1 inr 



1 l-u ' ^ ^ 

f 

1 l-u 

i < s , 

ll-u 1 


<7 
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(2,2.11) (1-u) ^ 

= P'f (aj.a,,a,, 03 ,hj.b,,h 2 .b,;o,,e,, 02 .o^;z,x,y,u ) . 

!u|< 1 , if — j< r , tyl< s * ITI^^ — 1 < ■*' » 


!u|< 1 , if iTT^T-h 

then (l-s)(s-t) = rs 


( 2 . 2 . 12 ) (l-u) Fp (a,a,a,h^ ’'^ 2’^1 ’° 1 ^ 2 ’^ 2 ’^’' 1 -u ^ 




lul< 1 , If 


i,a,c^,b^ , 


; ^,x,y,u ) , 

, 1 .. v_ 

i< s , |xl< r , 

lz|< t , 

1 1 -u 

:-t ) =. rs 

« 


,)- ( 

a,a,a,b^ ’""a 

X V . 7. \ 

’° 2 ’l-u’l-u l-u ^ 


i^l , C 3 ; Cg , ©2 , Cl , 0 ,^ * 

?^,y,x,u ) , 

t ^ 

1 - -y- 1 - a 1 

i ^ 1 ,> t 


’ ll-u n ® » 1 

ll-ui^ ^ ’ 

1 , r + 

t = 1 . 


-^1 

) ^ F 

' G 

(a,a,a,b^ »b 2 ,b 3 ;c^ ,c. 

2’°2 ’l-u ^ 


^23 ,C2,C2,Cg;x,y,z,u ) 


fui < 1 y if I f;~l< r , ^ |yl<s , lzl<t , 


then r + s = 1 , r + t =1 


4 g 


(2.2.15) (l-n) = P„ (n.a.a.bj.bj.b^io^.o^.o^ix, , ^ ) 


'^22 (a.a.a.Cg.bj.bj.b, .b^io^.Oj.c, ,o^;y,7,x,u ) 


1 u I < 1 , if I X t < r , 


< s , 1 zl < t , 


then r+s=l ,r+t=1 . 


(2.2.16) (1-u) * fK(^ 62.«2 ’'’i''’2-’>1'^’'2’“3’ ' 

JT F^''^ (a ,a^ .aj .aj.b^l ,o^,h^ ,b^; a^.o^.o , 0 ^ ;x,u,a,y ) , 


lui < 1 , if ! 73J7-! <1" . ty { < S , !z I < 


then fl-r){l-s)=t 


(2.2A7) (]-u) ^ »® 2 *^ 2 ’^i ’^ 2 ’^^! ’'^I 1 -u ’• l-n ^ 


lul<l, if lx! < r , ® > 


< t » 


then ( 1 - s ) ( 1 - r ) = t 


( 2 . 2 . 18 ) (l-u) »*‘2’^2*N ’^2’^1 ’^1 ’^2’Vt -u » V 


Fgj (a2f ^2’^! »^2»^1 ’° 3 ’ ) » 


lui< 1 , if iyl< s . lzl< t , 


then r + t = 1 - s , 

-a. 
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( 2 . 2 . 19 ) ( 1 -u) ^ »3.2 » ^2 ’^9 *^1 ’ ^1 ' ’ ^2 1 -u ’ 1 -u ^ 


_ F 


r,( 4 ) 


22 ’ ^^2 » ^3 ’°t ’ z,y,x,u ) , 

< t 


|ui<l if ITK r , l|-;:;;j-!< s , 

then r + t = 1 - s 


1 -u 


(2.2.20) (1-n) '' ^ ’ ^0 * «2 ’ S ’ ^1 ’ % ’ % ’ ^ 


,(4) 


^25 ’^ 2 ’‘'^ 2 ’® 3 ’® 1 ’® 2 ’° 2 ’® 3’°1 ’®2 ’ ^ * 


uKl , if |“!<r. ly!<s , l 7 ^|< t , 


1-u' 


then r + t = 1 - s 


-a 


( 2 . 2 . 21 ) (l-u) ^ Fj^j '^1 »^2’^1 ’®1 tSi ^ 


.( 4 ) 


*^37 ^^1 ’^1 ’°3*^2’^1 ’^3*^1 ’®2’^3’°2 ’ ^ » 


lu!< 1 ♦ If 1 — 1 < r , !yl< s , jz)<t 


then (1 - r)s + (l - s)t = 0 , 


-a 


( 2 . 2 . 22 ) (l-u) ^ (a, ,a„,a,,b, ;c, ,c^,c^;x, z) 

^ o I 1(2 1 1 2 ’ 3 — u * 


p(4) 


35 ^ 2 *^ 2 *^ 1 ’'^l *'^2'®3’^3»^l ’°2’^3’’^2’°l ’’ ) * 

lu|< 1 , lx j < r , I < s , |z j< t , 


I 


then (1 - r)s + (1 ~ s)t t 0 




( 2 . 2 . 23 ) (l-u) 

lo|< 1 , if 


■b, F^, (a,,a2,a3,b,,b2.hj;c,.c^,C2; 7^ ,y, ) 


|b^ , a^ , , Hj , a^ ; 

c.3,c ,c .Cg; z,u,x,y ) , 


i 1 . -,„ 1 f . -1. 

M -u ' ^ ^ » 

jyl<s , ^ * 

+ (1 - s)t = 0 

* 

•Hi 

Fp 'bj ,a^,a^ 

,^1 ,bi ,63, ©1 ,0^,02, 1 »y. ns 



1 X , 



|y ) < s , 1 1 _u * 


then (st - s - t ) ^ =. 4rst 

“®2 

(2.2.25) (l-u) ^ Fp (a^ ,ap,a^ ,b^ ,b^ ^ ^ 

~ ^32 ^ ^2 ’ ^2 * ’ '^1 *^1 ’ ° 3 '^1 ’ ^2 ’ *^ 2 ’*^ 3 ’^1 ’ ^2 ’ ) » 

tul< 1 , if IxKr , ® ’ |z!< t 

then (st - s - t)^ = ^rst . 

“b 

(2.2.26) (l-u) Fp (a^ ,ag,a^ ,b^ ,b^ ,b2;c^ ,C2 »g,^; ,z) 

= I4 ^^1 »^t *'^ 2 »® 3 *° 2 ’ ) * 

lu|<1 , if i7::~|< r , < S , |zj< t , 

O' 

then (st - s - t) = 4 rst . 
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then 


then 


then 


the n 


X 



z 

1 1 -u 

j< r 

f 

1-u 
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2 

( 2 . 2 . 31 ) ( 1 -u) f’o ( »a_ .a., ,b. ,b- ,b- ; ; X , — ^ ,z ) 

S 1 ’ 2 ’ 2 ’ 1 * 2 ’ 3 1 * 1 * 1 ’ ’ 1 -u ’ 



then 


then 


then 
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Exton, n. , Certain hypergeoraetrlc functions of four 

variables, Bull. Soc. Math. , Grece, N.S. ir?(t972) 


Some integral representations and trans 


formations of hypergeometric functions of four 


variables. Bull. Soc. Math 


1 , H. , Multiple Hypergeometric functions and 
Applications, John Wiley and Sons, Inc. New York, 1976 


Sulle funzlonl i pergeoraetrlche a piu 


variahili. Rend. Circ. Mat. Palermo 


Hypergeometric functions of three variables 


Hypergeoraetrlc functions 


Sharma, C. and Parlhar, C.L 


Indian Acad. Math 


of four variables 
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chapter III 


FRACT I GNaL derivatives of CERTAI N 


HYPRRGEOMgTRIC FUNCTIONS OF FOUR VARIABLES 


previ ous 


established some relations between hypergeoroetri c functions of 


three and four variables 


Recently, Srivastava and Goyal /14/ have derived 
several fractional derivatives formulae involving the multivariable 
H - function defined by Srivastava and Panda 15, p, 271 ,eq, (4,l) 
et seq. _/ and studied by them see ( / 16-19/; see also £12/ ) , 


same techniques in order to derive fractional derivatives involving 


certain hypergeometric functions of four variables , . . . 

Exton ^ 4,5,6 _/ and those functions of Sharma and Parihar ^O/ 
which are not included in Exton’s functions • 


3.2 Fractional Derivatives involving One 


Making an appeal to the formula /~9, p. 67 __7 


(3.2.1) 


53 



we have 


1 m+n+p+q x 


t m+n+ p 


Theref ore 


Applying the same technique, we derive the following fractional 


derivatives 



— 


3*3 Use of two Fractional Dertvative Operators 


In this section, we derive the following relations 


(3.3.2) D 


A 

3 ^ 


B5 


D. 


-^4 




Ag-l 










f’( /H.) f( A) 


!’( A^,) /J) 
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Re( ^)7 0 Re( A4.) ;> 0 
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P(vr(>,) yi 

30 





P( \) p( K) ^■2-^ ^' 3 -’ 

_ .. ^ rp 


>’(^ 4 ) 

Re(?',)>0 , Re(A)?0 


^'1 , 
trA' V 



, Re(A^}>0 


1 ^ r> - ^ 3 V ' ' T ^ 


*; '\' 3 . 

I ( /‘', ) i'( ip 


f'^>/- a, .a, ,a, ,M,,\ .e^ , c, , ; x .y .z, t _7 i 


|'ii_>I!A>. ^3-’ /i 

r(ipr{Ai) " 


>3-^0 ^4~'^4 r ’^3“^ ^4"^ . 





ro )i'( A ) A1.-1 ^(4) 

l'(Ai)<'(/'|)' ni 


nc A-,) n( 


/s'* 

r(A!,)l'(Ai) ' 55 


^e( X) >> 0 


li 


1 " 


o 


t 





p(\)r{^J /i-i 


P( pjr(p) 






^(.i) 


r(>jr(\) 


r^P^x'iP^) 

Re( \) >0 , Re( >J > 0 


n:'i)'’(^,) 







- y I 

Re{\)yO , Re( z' )>0 


of Tliree Fractional Derivative, j>i)(^;itors 


section, we derive the following relations 


p(\)r( V'''^4) VI V /4-‘ 

» - r rv T . 


n( A) ix Mj) 


Re( ^ J > 0 


r(A!,)P(^jr(^i) 



r'( p,) r( /•' ) r( ) ' 


r(>jr(>..)P(\) p,-i P,-i P4-» 


P(pj P( pJP( P) 


IX iX \) It >,) p,-^ ^3-‘ 

—2 -i ->— y 7. t 

P( P2> '^4> 


Re( \) > 0 , Re( \) > 0 


^V\) 


r( \) r( X,) [X \) a' 2-1 . 

,B, .a, ,> ,b, ,b, .b2.b,;o, ,^,A. ,0, ;x,y,^,t 

18 " 

nei\}>0 , Rc(A 3)>0 ,Re(-’'^)>0 . 

, 1 t*’"' 

(3.4.7) Dy (x y 

,a, ,a, .bj .b^.b^; ,^ 2 ,b 3 ,C 3 ;x,y,x,t 

1 « 

’’ii . A ■' /*'' • 

' rT^jl '’( ^1 ) ^ 

P^">/'a, ,a, ,a, .A.-b ,b b3,b2;Pj,A'2,C3,03;x,y,z, 

19 ' ^ 

He( /'^ ) > 0 , Re( ^ 0 , Re( )^) > 0 


( 3 , 4 . 8 ) B 


\ _t< > -P A.-P K -1 At -7 , 

■2 ^9 ^3 4 C 2 3 . 4 . 4 

, D Da. My z t 

yzt<- 

'‘‘'/"a, -a. .b, ,b3.b3;Cj,\,A3,c,;x,y,z,1 

J X ■*. Tr *. 


K A,) r( A ) r( A ) /^3-i /i-i . 

^ y , z t 


P(/i) f'^'^3) 


.a, ,a^ , \,b^ ,b^ ’ ^ 2’^3 ’^1 

20 ' 


.K) ?0 ,Re(X)7 0 , Re(\)>0 


,4.9) 


^2 “'^2 ^ 3~'^3 ^ 4~'^4 c ^2 ^ -^ 4 “^ 

y 2- t I 

r a. ,a. ,a. ,a„,b. ,b, , /P,,P -jC, , > , c^ , c *, x,y ,z 



r( A-j,) n 


P( M,) (X p^) n. p^) 


ilsl 

i 



r( >£« V r(>..i) 
PU^) r{ r( Ap 


Re( \ ) > ■> 


r( \) r( \) r( >,) /i;-' -^3-’ /4 

p( p( '^1' " 

■p ^ ^ J a A ^4 9 


Re(>.) > 0 


Use of fVnvr F r set tonal D exivatjj^ 


derive the following relations 


i i I ' ' ' 

L -‘r' • ? ' ' " ' 


( 3 . 5 .i) I> 


^ >>0-^ \"'4. . 

' 1 1 ^ 2 2 JJ 3 3 0^ 'I 4 ^ 1 y '/ t 


D 


D, 


X 


K, /•«i.a,.ai.a2>‘l'‘>1’‘'l-*’l’ V^-^’^.’"-"’"’'- i 


t 7 


(>,)!'( .\)- It /s,-' /a-' ,''r' . 


r( A) P( /-■) i'( /•;,) '■( A' ) 

I . ’ * * 


X 


K 




r a, ,a, , ,n, ,b^ ,b, .b, .b, ; , A , , ' I, .y ,z ,t_7 , 


Re( >j) > 0 , Re( >0 , ReC y > 0 Rc( >j)> 0 . 




O „ 3 3 ri ^ 1 ^ V ^ 

z t "i- 


>_/.< A -1 >„-l Aa-I 


(3.5.2) D/ ^ D/ D- -n. ?x y 


3 ' / ! 
z I 


5 / T'i ’^1 ’^1 ’^3’^ f 


r( \)n( K) >’( ^4^ ^ ^■ 


RPjrty r(M3)r(/y 


3__L_4l< X 

•i^ 


Re(>J >0 ,Re {>^)>0 , Re( > ) > 0 , Re( > 0 . 


>1-M V^3 ^'^4c N 

(3.5.3) D ' ' D 2 ^ n 3 3 n Sx 


. X 


^4c 

D^“ " r.^ f X y z t 


'Mo i 


■,,,,aj,a2,a3.bj.bj,l>,,''i;>i.>2 . A, . \ I’' > y--'' -'‘-Z I 


r( V ) r( \) r( A ) r( > ) /^^-i ah-i /-'3-1 ^4"^ . 


r(/-Or(Ai,) r( /-y) r(A4y 


/"aj ,aj ,a2 ,a3 ,b^ ,b^ ,b^ ,b^ ; A'^ , Ag , ; x ,y 


, z , t _/ , 


l> 0 


, Re( A ) >0 , Re^ A ) > 0 


I 'If'" ’,' 7'7 ''#:v ' ' y’’: 


Re( K) >0 



!’(^<)r'(^„)r( >jr( \) a-i /- 





Re( \) > 0 


Re( ^ )> 0 


tJ^-1 fJ^-1 

^''20 » ^2 ’ ^2 ’ ^1 ’ ^2 ’ ’ ^1 ’ ^1 ’ S ^ —7 

Re(>j)>0 ,Re(/'2)'7 0 ,Re( >g) > 0 ,Roi > 0 . 


>2 

D ' D 

X \ 


^ 0 "* Q ^ A 


r( Ap r( > 2 ) K '"(^ 4 ) /^^-i /^ 2 ~^ <^ 3 “^ '^'' 1 "'* 

o j ’^2 ^^ 3 ^ ^1 ^ ^2 ^ ^3 ^ ^4 ’ ^1 ^ ^1 ^ ^1 ^ ^1 ’ ^ ^ y ^ J > 


( 4 \ ^ 

^ ^ X. ^1 j ^ j ^ ^ ^2 ^ ^ ^1 ^ ^2 ^ ^ 2 ^ \ ’ ^2 ^ ^3 ^ ^4 ’ ^ ^ ^ ’ ^«-7 X 


' ^3""^ '^4**^ 

J: 'r(/^)(’(A^)i'(^^)i'(ij)'’' ^ ^ * 


Re( ^4 ) > 0 


Re( ^ 2 ) > 0 



r(>.)r(^)ix -i 


r( >,) r( >a> r( r( 


np(\)>0, Re( \)> 0 , Re( /> )> 0 


)'’(/.i) 
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r( >, ) (X n > J r( >,) ^,-1 ^*,-1 


)'’(/-;,) '\i\) 


r 


. a, . A, , ,b, , b, , >3 , b, ; P, . ^ , nj , .3 ; X , y , . ,xj 


Re( >^)'>0 , He( 


( \) ^ 0 , Re( >„) > 0 ,Re( ^ ) > 0 . 


( 3 .•''». 1 1 ) 0 


>,-p. >'7-% ^3“ *3 c ^1“’’ ^2"^ ^3“”^ f . 

’ 1 n ^ ^ D ^ D - {x y z t - 

a^,a^,a^,a2,b^,bj,A^,A^^;>j,>2,C3,C3;x,y,7,,t _7 f 


r( >^)r( ^'P PC H \} A^i-1 . 

r(/u^jn(^,)F(p^)r(P7. 

a. ,a ,a ,a^,b ,b ,>'3, , /^2 ’ ""3 ’ ’ 

,Rc{aJ >0 ,Re( \)>0 , Re( M > 0 . 


(3 05.15) D 


^^D ‘-D ‘^D. '^x y z I 

y V ’/- t 1 


33 "* 


*>J ’®1 ’°2’^2’'’l ’5l’‘’l ’^l’ 3 ’^2’''3’‘^2’’‘’^’^’'^ 27 V 


p( A ) p( > ) n \) « \) A-i-i ^ 2 -' i“3-’ 5-'. 

1 £ a X. . ■ X y z t 

lY /-< ) n pj) n P3) re p^) 


a j » a I ’ ^ 2 ’ ^ 2 ’ ^ 1 ^ ^2 ’ 3 * ^4- ’ ^ ^ 2 ’ ^ 2 ’ ^ ^ ^ ^ ’ 


Re( ) > 0 , Re( >2), >«> » Re( >^3) > 0 , Re( > 0 0 

( 3 . 5 . 16 ) dJ ' D,,^ 2 j, 3 3 44.^;, y a t. 


{ 'r } \ '\ 

F Z a.j, ,C2,^^,C2;x:,y,z,t. 


-5 






asa;*;tsSstMaea«MS!itiit»!t**!siif||ie|s*:|gijisii|ii|||j|j|hjfcg|^ 




'’{#>,) KtJ^, I’( r( A- ) 


''( AJ ) r( AJ ) r( p^) r( p^) 


ReC A, ) > 0 





|'( n)f(p> r( pjn M) 


r( P^) n p^) r{ r( /j i 


Re (\)>0 , Rp (\)>0 , Rfi (>)>0 , ne ('')>0 


r(pj) n( pj f(p^) I'ifj^) 


RelA ,)>0 , He ( >> ) > 0 , Re (>')>0 




n 


, >1 “I ^0-1 A,j“l 


>1-M ^'<“'"3 "'■{"^15 ^'1"' ''''■^“‘ f"'* 

(3.3.23) dJ ^ D.- ' D / " ’■' ' 


p' ’>/-», .a, .^v3 -”l ’^2’‘>1 ^ 


PC ^)r( <'3 iX /■,,) a /■,) 'V' '-p-V '3-' -‘.i-’. 

.1 *< .-.- ’..1. .. 3.— Y ” \’' z . 


3 «)!'(;•' 


p 


(■1) 




Re 


( A ) > 0 , Rp( A„) > 0 , Re( A„) > 0 , Rt< > 

1 ^ 


n 



i'(-^.)i'fpjr(/J,)r(P,) 


!!e(>, ) ?0 , Re( \) > 0 , Rc{ > J > 0 , .Be( >.)> 0 
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chapter IV 


GENERATING RELATIONS FOR MULTIPLE 
HYPERGEOMETRIC FUNCTIONS OF SEVERAL VARIABLES 


4.1 INTRODUCTION ; Chandel /"ly established 

(k) ( 

generating relations for his multiple hypergeometric function E 

(l) C 

related to Lauricella’s F^”^ [ l] and for Exton’s multiple 

C 

hypergeometric f unct related to Lauricella’s F^^? 

(l) D D 

Chandel and Gupta Introduced tliree intermediate Lauricella's 

(k)p(n) ^ (k)p(n) ^ (k)p(n) and obtained generating relations 

AC AD BD 

involving them 


In this chapter, we obtain generating relations 


for generall"zed multiple hyperge ometric function of Srivastava and 

Daoust [^,^J ( Also see Srivastava and Karlsson /"lO ,p 37, {2l)J , 

Exton /"s ,p,l0'r7}and discuss their special cases to derive new 

generating relations for of Chandel /"l 7 (k)p(n 

(l) C ^ (1) D (2) D 

of Exton /47 ^ and^^^P^”^ of Chandel 

AC ad BD 

and Gupta /" rJ (For ^ also see Exton 

(l) D (2) D (1) C 

/".5,pp, 89 - 90, (3,4.1) , (3.4.2) , (3. 4. 3)7 ) . 




4 .2. 


gsxerating relations 


In thiij section, ’ve derive the fonon’ln? freneratinv relations 
for nreneraliTied ni'iltinle fiypereeoraetrlc function of Srivastava and 
Daoust 


( 4 . 2 . 1 ) (l-u) 


A:n^ : .. ; R 

■a. p 

C:D^ ; .. ; 



(a): .. , 


r 


I o # , 


/■(bO: §I 7 ; .. ; Z“(b^"') : 


/■{dM: ; .. ; ; (t-u)"V (l-u 


X ' X 

-L- JO' 1 E 

i / 

(4 »*» 


A:B'; .. ; B 


oo 

E 

k=n k I 


C:D' ; D' 


/“ (a)r ^» , .. , J. 


r („): 'e , J 


/Taj *ln 0 !. . .. . 0<'’>_7 : ^(bO: i'J-. .. ;r(h‘"')= l'"’.?; 


•(o'); .. ■, r („(")) : J . 


where £_ (a) : (lenotee (a) : 0-' , , . , ft - J 

excluding /■ a, : 0 ' . .. . 4"’ 7 and |ul< 1 , 




denotes /~(b^ : f 


cxcl iid ina: 


4.3 


RED!' HTION 


An ap 


,„1 to (1.2.1) on.l (1.2.2) Kive, follottinr- rod.mtion 


forranlae respectively : 



^di') : i'J~ 
Z"(<1'); S'J; 


; /-(,>)): 

4 l 

/-(„(")): n-u) ‘ 




0 

, , f) , .4 


,0 


(n) 7: 




/“(c): et' 



where ix stands for Kronecker delta A 





4.4 SPECIAL CASES 


IN THIS SECTION , spec) alts, ihe parameters, we obtain the 






L (I’*): L ^ 


/ (o): 


/'(h'): 

L (d'): S’_7;..; J \ 


where /”(b^^ denotes I 


excluding pair )• U > J = 1 > •• > ^ iu|< 1 

j j 


following those generating relations which have not been traced 

out yet now for of Channel of Exfon £^3 

(l ) C (2) D 

and , (l<)p(n) ^ {k)p{n) Chandel and 

AC AD BD 

Gupta Z~2_7 . 


(4.4.1) (l-t)-® ^ ’’'kfl 

oo — ^ 

(l) C 


ItKl , If I ^ ~ > 


X . / r . 

' J ^ ,1 


f 2 f (2 

j = k + 1 , , n , then is/r^ +..+ /Fj^ ) + +..+yr^) — 


(4.4.2) (l-t) /"aja* ,b; 0^ ,. . ,.. ^ 


X, • , X 

k±l 


Z — tL.(b) (K)g(n) /~ a‘+r b-c c -x x ^ 


|tl<l , ir |x^|< r.,x-l,..,k ; 


^rj , j=k+t,..,n 


then { yir^ +.. * v/tj^ )“ = 1 


(4.4.3) (l-t)“‘i (k)E(n) /- 


b - * - . b : c - n ’ • TT * .... X 




then 


t hen 


then r 




ltt< 1 


then r 




X. 

4* • , 

4 

1 

l£+ll 



» 




^4 4 f b , -f r , f) . ^ f • * y f 

1-1 ’ i ^ 1+1 V ' ^ ri ' . I 


1 1 1 1 , max ( I X j I f • • y 1 j , • • , jx^ j ) + I ^ 1 ^^ -|| “^ • • ^ ! ^ I ^ ^ 


i.— *1 f 

and inax( i x. 


if l = k+1,..,n. 


(4.4.9) (l-t) 


^1 (k).(n) 


pVn; f- 

F I a,a, 

RD ^ 


^+1 


• • . ,bjj; Xj , . . ,x^, i -t ’*** T 


‘ »^i -1 ’ * * *^n’^ 


^+1 


iax( IXji , o . , Ir^ I » 


i = k+1 , . . n , It I < 1 


(4.4.10) (l-t) " -"a a a ’ ’ ’'n ’ ° ' ""l ’ * 
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CIIAPTEII V 


KARLSSOX'S MULTIPLE IlYPEUGEO^fETRIC FI^NCTION AND 


CONFLUENT FOILMS OF CERTAIN GENERALIZED inTERGEOMETRTC 


FUNCTIONS OF SEVERAL VARIAHLES 


5 , 1 Introduct ion Ext on 


unctions ' 'E' ' , ' E related to Lauri ce 1 1 a's 

(t) n (2) D 

Prompted by this work Chandel /~1_7 introduced 


multiple hypergeometr ic function 


Further Chandel and Gupta/ 2_/ int roduced. three intermediate 


and derived 


some of their confluent forms 


Following Chandel and Gupta 


/ introduced one more intermediate Lauricella function 


A paper from this chapter entitled '*Karlsson*s multiple 


hyperpeomet ric function and its confluent forms” has been published 


in Jnanabha 



In the presont chapter, we study Karlsson's multiple 

hyperffeometric function and introduce sotnc confluent forms 

CD 

of above multiple hypergeometric functions of several variables and 
derive their !Tenernlin2 relations and integral representations with 
their applications in obtaining their recurrence relations 


5.2 DEFINITIONS OF CONFLUENT FOIiMS . For confluent 
forms., we consider 


(5.2.1)^ (^^)p(n) /"a, b,b ;c,( 

nT\ 1 ^ 




oK = ’‘n 


For k = 0 , it reduces to Lauricella’ F 


(•5.2.2)^ (k)p(n) ^,b,b^ , . . . ,c^;x^ . ,x^,- 

I CD 

V 4X3 


m. + .•. + ro 
1 n 


■"ktl 


( c ) ( c, . ) ( c ) 





it reduces to 


0, it reduces to 











while for k = 0 


it reduces to Lasir i ce 1 la ’ s F 


it reduces to 


it reduces to 


it reduces to F 


while for k = 0 


it reduces 


i t reduces t o 


integral REPRESENTATIONS 


Making an appeal to Srivastava /~10 







■■■ 


(5. 3. a) /"a,?),!! ,. ..,b,^;c; -7 

(4)^GD 


101 


. 00- 


rOO 


• (k4.2)*-* I e 




r(a) r(b)r(b^)...r(b^) 


0 


^ t^”* ^ 0 ^ 1 ^’ 


• r* dt , 



( S+t'+'t + • • 


r(a) r(b)r(bj) 




rCalKbj) ]q Jq 


~7 F /- ; c 

/ . . . rt 1 ’ 


0 1 -^ ’ n n "" 
(Is ^ . - . 


,(„)>0 , Ro(b.)>0 , 1 = I,---.'' 


.1.3.12) /■b,bi.--.\:''>‘=k+1 


(3) ‘CD 


.(t^-t,i-...+ tJ b-1 b,-l 


t t. 


! \ ...(k+l)...* \ « i 

r(b) r(b^) . . . .r(bj^) 




(3,b ^ 


Ro(b)>0 ,Re{bj)>0 , 1 = 1,.., k 


(='. 3 13) Z"a,b,b^,,..,b^,5Vl’**’''n’^’‘*”'^i 

(5)^CD 


r°° -n. V 

* \ \ (.-(sbt) ^a-1 ^b-l (i.x^s) ..-(l-Xk®' 

r(a) .'’(b) io Jo 

j— + "7 p /~-'c ;x st 7 ds dt , 

qF^ -/ ••• 0 1 ^ ’ n n 

e( a) > 0 , Re(b) 0 . 


(5 3 14) Z"a,b,b^...,\’0^^.^,..,c^;x^.---.^^ _/ 

(5)^CD 

r 7-/-ai.t.t Cl-sx )i..bt^{l-sx^) 

^ V.(K*2)... \e 


r(a)r(b)r(b,) ...r(b^) 


a-l b-1 b- -1 bj^-1 .3tJ7... qF. r-\ 

+ t ^ t,. r>r < /.“’^k+1 ’ lC+1 


^ A 4-^ P 

s t ..• 4^ 01 


'k+1 ’ k+1 


ds dt dt. .v.dt, > 




^ oo 






— \. .. ( rrt-1 ) . .• \ e 

1 ( fl) f ( h| ) •■“ i ^ 3 q jq 

t, . ,s„/. . ds- dtj . . .dt^ , 


b -J b -1 

a-1 + 1 t n -F '-• 


**-^n (/l--"’^k+l 


ie( a) > 


Re(b .) >0 , j =1 , . . . ,n 


(5.3.19) V ’‘l ’ ' ' ’ ’"-l 

(3)^BD 


r( c) 


oo 


2 Tf ir( a) V J 


e 


\ -(s-u) .a-t -c 

) p s u 


k „ y _v, X . 

Hd-^) ^ 

“ .j-k+l 


i = l 


0 '^-oo 


ds du 


Re( a) > 0 


(5.3.20) 


Z"a.av+i----'’>n'*’l c; Xj , . - • .x„ V 

(3)-‘BD 


-OO 


18 


,( n+l ) 


r(a)r{b.)...r(b )r(aj.^^)...r(a^) 


fe 

^0 


-^+t + ..+ t^+s^_^^+ . .+ S„ _7 


n 



r{a)r(bj)...ribj 


■t.+ ...+ t„+s(l . .-t^x-^)J7 


Z^;c;xjtjS+...+ Xj^t,^s _/ 


(is dt^ ’ 


He(a) >0 , Re(b.) > 0 , i=l , 


(5.3.23) /’a,b;c J 

(l)^C 


r(a) r(b) 


-(s+t) ^a-l ^b-l ;stx^J7. .. Cj.;stx^ 


'C JQ 


... J 7 d.s dt 


rie(a) >0 , Rp(b) > 0 


(.-.3.24) /-B 


(2) ■‘D 


,b.,...,b^;c;x^,....x- „/ 


r(c) 

2lTir( a) 


.-(s-u) ^a-l y-c py 

i=l 


^ j=k+l 


0 “J - oo 


ds clu » 


Re{a) > 0 . (C) >0, 


(5.3.25) /"a,b ....,b^;c;x^,...,x^ J7 

( 2 ) 


... — — — I . . . ( n+ 1 ) . . . \ e 

r(a)r(b )...r(b^) Jq J 


- S X „ X 


rv::;c;st,x,4,.4 


cis.dt 

XI iX 



pienTlRRENGE RELATI^ 


115 ( 3 . 5 ) 


Making an appeal to Exton 


relations from results of 


we derive followin 


k+ j+1 


where 




(l)^CI) 


^i+k ( k)|( n) 

c, .(c, .-l) (l)^cn 

k+ j k+ .1 


where j = 1 , . . . , n-k 


(n.-i.e) a,h, , . . ,b, ; n,c 

(2)^CD ’ ^ 


(k)l(n) r 


(2) ^CD 


z a,b^ , ...c 


^k+ i (k}i(n) 

(2)^CD 


a,bi , 


where j = 1 »•••> . 


(5.4.7) Z b,b ,..,b ;c,c 

(3)icD ^ ^ '' 


(k)^(n) 


( 3 ) ^CD 


fpn ^’^1 ’ * * ’^^k’ ^’“k+1 


• • > c. 


{l<)i(n) 




,b. , . • 


j = k+l , . . . ,n-k 


(5.1.8) 







GENERATING RELATIONS 


Making an appeal to the definitions of the functions, 


we obtain the following 








oo 

V (bJ t 

Zj J"! 

r=n 


(k)l{n) ,...,») +r,...,b ;o;x^ 

( 4 )JCD 


5 . '5 .13) ( 1 -1. ) S ^ z~''^ > b ,b^ , . . ,bj, ; ^ , . . , e^^;* 

t ^ ,y ) CD 


\ k)^^( a+r ,b ,b. , ... ,b| ; ^ , ... , c ; x , 

( 5 )iCT) ^ K u 1 


5.5.14) (l-t)-"Z’^U^"^/:.,b,b 

t( 5 )^CD ^ 


/-a,b.r.b , 

(r>)icD ^ 


^ m • m O' 

Ic ’ k*^ 1 n 1 




4 6) ‘CD ^ 


OQ / \ : T 

^ (k)l(n)/“ . h-o 

^ , ^ a.bj 

r=:0 ' 


1 * li ♦ 


(s.s.iP) 


a c (i<);|(>^) r 

L (2 ) l\U ^ 


a,b^ , ••• »b|^; , ., 


(n)^t^ (k)i(n) /- . ^ 


(2)^AI) 


(5,5.19) (l-t) -^'’*^1 ' *•• ’^’n^^k+l ’ 

^(2)iAD * 


(b,). tT 


(k) i( n) 


(2)^ AD 


a > b^ j •«• I b j+ r , ,i, ^ b ^ 


where' i =1 , k 


{ 5 .5 . 20) ^ ^ ^ { 1 1|| fj.^ ^ ’ Vl ’ *** ’ '"n ’ ’ 


(a)„ t^ 


Lj 

r=0 


(U)l(n) 

(3)*BD 


fln^ ■^^■^^’^k+1 


( 5.5.21) (l-t) -^^'«k+l ’ ”* 

l(3)-BD ^ ^ 


0£j ' 

V Klrj'' a,. a, 


^ r. (3)4^D 

r=0 


where i. = i+1 , ... 




(a) iBD 


Khere i = 1 


t • * • J 


(5.r,. = :0 /■-» 




3+ 


{5. 5. 2 . 1 ) (l-t) 


I 


(l)iD 


wli^rc i = 1 , • « • j n 


(5.5.25) (l-t) ^ ^ 




{2)-^I) 


/“ a+r,b , 


(5.5.2G) (l-t) 




(2)iD 


iVri'' (l:)l(n) /" 


(2)'D 


L a,b ,. 


where i = 1 , ••• » n 







, VI , « »'>an m.V. furthor .tudy 

In the next chapter » 

,■ , to dorivo their rractlonal inlesrat ions end 

of these functioiu to u 

intei^ral representations . 
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CHAPTER VI 


fractional integration _A^JIJNXSf.RAL_JlEP^^^^ 


OF karlsson ' s 


CONFLIHENT FORMS OF CER TAI N _GENjLIiAyL ZEI>_ HYPER GEO METRIC 


FUNCTIONS OF SEVERAL VAR IABLES 


6ol Introduction Josfii 


representations of hypergeoraetric functions of three variables, viz 


H„ and defined and studied by Srivastava 


In subsequent paper 


ral representations for the multiple hyper 


geometric functions 


/ 9/ and also for their confluent forms 


Chandel 


related to Lauricolla's F 


hypergeometrio functions related to Lauricella 


own 


multiple hypergeometrio functions 


From this chapter a paper entitled "Fractional integration and Integra 


represe ntations of Karlsson* s multiple hypergeometrio function and 
its Confluent forms" has been published in 20(l 990 ) ,101-11 


Reoenily, OlifUidel nml Oupta /~3./ liave defined and studied 
. . „ (k)p(n) (k)p(n) 

Willi ii)le fiv uerf'e OTIC t ri c functions 1 > * i 

AC AiJ RB 

, , r~, -7 . ?'ot i vai pd Rv tliis fafier 

related to Laurirella s functions ^ ji/ 

Kar 1 H son also introduced fourth possitile l.aini eo 1 1 a function 

Very recently . Chandel and Vistuvakanna £" have studied 


j,(n) 
CD 


:■ 00Dn,.e,H form. (Olin) _ (lOl(n) _ (lO|(n) _ 0*)^(d)_ 0<n(n) 

(t)JCD (2)^CD {3)-‘Cri (l|-‘-CU (5)--Cl> 

and of Karlsson's - Also in previous clinpter V , lire 

(g)-^cd 


Hi' have introduced various confluent forms of certain ffeneral i zed hyper- 
geometric functions of several variables. 


CD 


In the present chapter, we shall make use of the theory 
Of fractional integration to derive Eulerian integral representations 
for multiple hv per geometric function 

for various confluent forms of multiple hypergeometric functions 


iili 

iiil 


(k).(n) 


P'"'' of Karlsson and 

CD 


of several variables introduced in chapter V . 


We recall ttiat the rule for fractional integration by 


parts is given by 


( 6.1 . 1 ) 


U 


a 


JlI- 


dx 


V ijL- 
Mx-a)“ 


If Re(^)>0 , the fractional derivatives occuring in (6.1, l) 


defined by the following integrals : 




f He(v)>C} and U.? nre f 3 Xf.)ressi ble in terms of' the' series 


f *^'s -1 


then the fractional 'tier i vat ives, are obtained hy d 1 f ferent iat , t he 


above series term by term, with the help of the lormula 


i \r ^ 






r rovidocl M ^ 


6,2 TI IE integr al REPRESENTATIONS 
In this section, we derive the Eulerian integral 





r)ro%’id ert 


use the followin'; operator X2. defined by 


For brevity 


C hand el 


jhe re 


can be written as 


provided 


Applying the same techniques, ne also obtfein the following 


operational relationships 


m 



where i 


provided 


where i = 1 


provided 


provid ed 


provided 0<Re( P^)-^ Re( 




= /-<,r />, 

2 1 • • 

A . y) 
’He’ 1 

’ Pk+1 ’ * * ’ ^n’ 

^1’ 

Xj Xj , . . , 


1 • • 1 .■ 

( 2 ) CD 









pro vi fif'd 0< R(*( 

: Ri- 

( H) , 

i 

= 1 , . . . 


• 



(r,. 2 . 0 )ilS *''>*< ">r> 

V(3)^CD 

-) T 

^1 

J '^O 'f * • 


'^i ’\+i ’ 

• • I 

Y ; X t , 
n 1 1 


• • • 1 






1 ^k*'k’Sc+l ’ * ’ ’Si ' 

-^1 

= ,P,. 

(:O^GD ^ '■ 



k+ 1 


,X^ 

^0 J 

A’Sc-m’* 

■ ,x 

n 

provided O-^ Re( 

Re( 

1> ’ 

i 

- 1 , . . . 

’ f 

k 



L(l HCD 

,r 

X ^ 

f * • 


S’ 

■SS-V; 


X, k, 
k k 







S{+f ’•* ' 

X _7 { 

*. ; 

(O^ci) ^ 

p,,. 


\;x. 

J , , . • 

,Xl 

^k’^'^k+l 

, . . ,x / 

’ ’ n 

9' 






proviflert 0^ Re( P-^)^ 

Ro( 

"i> • 

i 

= 1 , .. 

• • » 

k' « 



M5)/CD 

1 > • ♦ 

'"k 

’ ^k+1 ’ • • ’ 

•fn^ 

■S'l’** 

’’'n'-rY }■ 


(5)^CD ^ 


■’ \+ 1 ’ 

* • > 


,X 

_y' » 



provided 0^ Re( 

f 

1 = 1,. 

* * ' 

, n . 



(6.2.12)17 S 

/■a 

’ ’ * * 


’ ^k+1 ’ ’ * 


! Xi , . . 

. ,x t 7 

’ n n — 

} 

^ (6) CD 









(6)'‘CP 


k+1 ’ * ‘ 


; x^,.., 

X 

n • 

.7 , 



provided O^Ke(P.)- 

c Re 

(»,) 

t 

X SS I. J| 

« ® 

. , n 






nrovi dod 


provided 0< 


0< TReC fle{ ) 


valid If 


provided 





provided 


provided 


provided 0-^ Re( 


provided 


bjcvi 


provided 0^ » d ^ 


i • « • ^ 


(6.2.21) .*>.b, .'J2.--’'^k’**l<+l ’■■’^n'’‘lS -*lS''2*2>- 

•'=l‘lVn-^^ 


( "> a' "> /- P 1. , 1, , /> . . , ; Vi ’ ■ • ’ *"n ■ ’‘l ’ N ^> •'« 

( 5 ) CD 


X / , 

n ~ 


provided 0'^ Ro( /^j)'^R6(^j) » j — ^ ,.«.>d 

which snggests k results in the following unified fona 


(6.2.25) 




t {.") -CD 


i+1 ’ •* ’^’k’ 


k’^k+1 ’**’^1’ 


tjXj tf , •• »3C^_.j^t._^X. t . ,x. t . . , . . ,x^t^x^t 


= /“ft ^i+1 ’••’4’'^k+l ’** •“’ 

(5)^CD 

Xi_^Xi,Xi,XiXi^j ,...,x^x. _7 , 

provided 0<Re( ft)- h) , j=l , . . • , n and i = 1 , . . , k 


(6.2.26) U ’^lS’'2^2’'* *’ 

4 6) ^CD 


V 1 X t ”7 ^ 

'1 1 n n d 


• t’-" 4 ’ Vl >•• ’ -^ '’ 


(g)'cd ' 

rovided 0-^ ®e( ft)"^ ^0 > J - ^ 









u^pests k results in the following unified form 


which 


(k) r(n) 

(1 )^B 


= , i '1 ’ '2 ’ ’ Mi’ ’ 1 ’ r 2’ ' 1 k ’ k+l ' ' n- 

0 11 e ( ) -^ k e ( ) , j •= 1 » • • • I k . 

which suggests k results in the following unified form i 


(h.2.39) 


^i ’\+l ’^i+1 »*'-’4c’‘''’ ^lS^i^i 


X* % * X*t. 5 X.t. ft X— - j#»*| X, t ^ X I t I ? I '4» 'I I ' A I $ *** f 1 

i i ’ i 1 * i+1 i+t 1 1 ’ K k i I i'+i . n I 


^i’‘\+t 4 ’'**^^1-1 ’‘^i ’ ^I’^i 

\ 3 / uD 

X.^fKi ,..,XkX. - 


( 0.2.40) ]7^| Z a,b^ ,x)2 , • . ’^k+1 ’ * ' ’*^n’ "’^1 * 1 ’^1 

*' ( 1 ) B 


( k-^ l( n) 


provided 0 <Re( f^.)^ ke( ^.) , 

J ti 


provinen u--. ij/ 


( 6 . 2 . 42 ) .f, .'J,. •■ ■'> 4 -Vt ‘IS’"! ' 1 * 2 ' 2 

M 2 ) D 


'o ’ • ■ ' k ’ k + 1 ' ' n 

t . sMi. 4 ^i4+ 1 ’ * ’ ■ n ^ 


■lM k k’ k +1 k+t 



, b j ’ • * • ’ V 1 ’ * * ’’’n ’ ° ’ "1 ’ ""l ’ " ’ '"l ’ ''l;+ 1 


} • • 


{ 2 )^D 


0 < Re( ‘^'j) . * • * ■» 


»hlch suggests k results in tl»- rollm.lu", unPicrl lurr, 



provided 


provided 


k results in the following unified form 


which suggests 






• « • 


_ r e-,) I I K) r 

nrp|7r( A ) /'( -f>.) j„ 


>c '-< 


IT ft 


M-1 iJ. + A.-M-r. 

)' (1-1.^ ' ‘ ‘ ' 


2*^1 ‘ , > • • k ’\+ | ’ * * > 


« * I X / * i ^ ' ,(i # ' * ^ i C - 


\\tr€ t'fJr brevity, we use t he f ol lo\vi n?.' operator intr'Klticed by 

Chandel £ i ,(3.1 ) J : 



__ n_^) __ 

r'( p, ) r( /<j;)f’( 1 ;.+ ) 


provided 


/"Extension of (6o2o3j./ 


in^ the same techniques, we obtain the following results 




va!i ! 0< Rf( M ) F.e( i''j+ - Pj ) ; 0< Ri'( Pj Rev V. ) , •,-1,.. , 

/' fixt (*r.s i on ci*' ( fl.F.fi) _/ 


r 


n / -' ■' 

( 6.3.7) 1“ 


1 ^ 

< 


1 



!v 

; 0 

r, : 

I 

«*« #<t* 

"1*1 ’•’‘lS-V2’- 

1 



:n-1 ' 





0 < Re ( R e ( x) ) 


provided 


Extension c 


\)^ Re(^ ) 

. ■ -nJ 


provided 


ensi on 







Extension o 




r 

1 


» \ 


0 

1 

n 


(k)l{n) 

(2)JAD 


o< Re( M) < i.\+ h- ~ fi 

J J .1 . 


; • • • ; ■’ 1 ’ \+ 1 ’ ‘ 


f ^ > • • • ? ^ 5 . 1 » • • » ^4 I • • * ^ K _y f 

^ a f / 1 > ^ n k+ 1 n 1 I i 

provided 0 < Re( K Re( i) ) : 0^ Re( />)<i Re( i;.+ X- , j = l , ...,h 

«i #/ * 

r Extension of (6.2«15)_J7 


( 6 o 3 » 1 ( > ) |I^ ^ I 


^Ic+j ’ ■ ‘ ’’^n 


(k)T{n) £■ 

(3)^BD 


» • • ’»n’ fl ’ * ■ k’ ’ 1 


provided 0<Re( A'. )'^ Rei. -A) 

.] J J J 


0 R 6 ( /^, R ^ I ^* ) 9 J — 1 J • • • , k 

J J 


/ Extension 


of (6.2„16)_7 
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Ex I ens i mi 


provided 


xtension 


0 Re( Re( i^.+ P.) 


provided n Re( 


Extension of 








Extnnsion of ifi.2,20 


^k+ 1 ’ ^k+ 1 ’ ‘ ’ * ’ 4i ’ 


(k) i( n) h • i) o • V y 7 

(„)tcD - ■ 


prov i d ed 


0< Re( A)< Re( 1^) , 0^ Re( M)<^ Re( ^' + > -M) , j=k+l 

«J tJ •} 

/ Extons ion of (6.2.21 


^ k+1 ’'^Wl ’ ‘ ’^n 


^ k+1 ^k+1 ’ • 


(k)l{n) 


Valid if (X Re( ^ Ro( A ) , 0 ■< Re( M ) ^ Re( A. - ^. ) , j= k+1,, 

*1 3 3 «1 *J 3 

/ Extension of (6,2,22 


(a;-) 




, (k)l(n 

(5)^ CD 
valid if 


0^ Re( ^e{ H+ h) 


ensinn 


which su^srests k results in the following unified form 


0^T^e( A)< 


lid if 0< Re( A)< Re{ ) 


which is the Extension of (6.2.25) 


(G. 2 . 26 )R J F 


2 

0 

n 

1 

0 

n-1 




• • ♦ 




h 


• « • • # • » • - 
^ ^ ’ 4 + 1 ' 4+1 ’ ’ 4 ’ 4 


. . . jX^ ’^n^n 


~7 






= (k)l(n) ,^2,..,^k’4+l ’ 

{ C ^ ^ Cl) 

vnll. If o<Ro(^J^RoIi;.) , 0<RelM^)^ ReCl),-V-/|i) . .M . • • • " • 

Extension of (6.2,26) _7 

which suggests k results in the follovnng unified form : 



/” Extension of (6.2 




14S 



X. * 
1 * 


‘'‘4' .A /I "l ■ ■• ’•■'l-l’^i ’^'i 

(i)‘d V k 7 


n< Re( Re( U) , 0^ ^ei JL^.} ^ Re( ^ P^) , 


providfd . ^ 

,j=1 , . . . , n . and i =l , 


r Extension nf (6.3.31) _7 



1 

1 

X 

1 

(a;-) 


) 

n 

p 

’ ^ 2 ’^ 2 ’ ‘"’^n’^n 

’ ' * • ’^ 1^1 V'n 

i 

0 

• «*♦ *•* 


L 

n-*l 

* 5 



(2)^D ^ 


valid if 0-=^ Ro( A)< ( 1^^) , 0 < Re( Re( 7^+7^- , j=1 , ... , • 

Extension of (6.2,32) _/ 

•hich suggests n results in the following unified form 


which suH^ests n results in 


^ h-1 


H ’^-1 ’^i ' 

^f + 1 ’N+1 ’ *• - 

(c:-) 


(k)l(n) 
{ 1 ) ^T> 

valid if 


the? following unified form : 


ri\ ,P,..-.P„;b;x, .X, X, 


0< Rf( f^.)^ Rf( TJ) , 0< Rp( ^0-=^ Re{t+ A -JU , 

I .1 J ,} tJ ■ 


E X i e n s. i on 0 f C • 3^ ) ) J 



L./. 




which su'^r^csls n 


res uit f 
1 ’ 1 


s iTi the followin!; unifiof^ form : 


-1 >t 5 — ; 5 Vl ’ 




{k)l( n) r. 


(2)'D 


. • • > -1 ’ " i ’ ’ • • ’ ’ ''i ’ "t ’ • * ’-"i -1 "i ’ ""'I' ’'i ’ 


valid if 0<Re( P)-cRe(^.) , 0 ^ Re{ Re( i^^.+ 


. and i :s t , . 


Extension of (G,r^.;!; 5 ) _J 


(G. 3 , 34 ) "RkF 


2 

t (n;-) 

n-1 ^ o 5 • • • ’ \ 


7 

f 


nrovided 


0< Re( P.)< Re( ».) , 0< ReC /j)< Re( '^.+ Pj) v .1=1 »•< 

«1 v. 

,7" Extension of (6.2.:?4) _7 


i “L ''‘i + l i+l i i 


; • • ? _i ’^1+1 »•**') 






irnvi ded 


0< 


( P )C Ile{ V ) , no{ /J)< ae( y 


and. j -=1 , . . • » n 


> ) 

> k+1 ' 


k+1 k 


’’i ■’ k+r;' 


( --H ) 

^ >'k+l' 

“^Iv+l ’ ^k+2 ’^k+ 


ft , a 1 '’^u^ n^U+1 S‘.+ 1 

'n n ' 


^ L 


('“'ll*"' .», .••■\;Vi ’••’’ic’Vi >Vi\+: 

(r,)^cn “ ’ ' 


valid i f 0 <■ 


• • * ’ \+ 1 ^'n * 

Rn( P.)< Rn( il.) , 0 < Re( A‘p< Rc( iJ.+ A.-Pj) , 

J J 


J = k+i 


rhich su^.^nsts n 


I Extension of (6,3,20) 

-k results in the following unified form : 


^k*l ’ * • ’ ^i-l ’^i’ 
Pi+i ; • • > ^ 













— 



[ 

I'f 

1 

■ i'l 

*•• ••• 

C 

Y 1 « ?'*' X 1 • • s 

r 1 1 2 2’ 

F 

1 

'‘t * 1 ' k* k ’\+l 


’ 

(Aj;-> 

\ t 

k. ! 

K-1 1 

/^2 ' ■ ' ■ ’ Ml 

* * * ’ n n 


{0.'5.38)R^ F 


( k)^( n) r » • • >3^ ’^’l ’ 4 ’ * • ’^k’ '‘‘1 ’"'l ■'"'l! ’ * ' ’""l ""k ’""k+l ’ ' * 


( 3 )^BD 

valid if 0 <CRe( /5.) ^ R^( U) . 0 <Re(p.)--l?e( Y;i.-/5j) , .j = 1 . . • • ,lc • 

Jt 

Extension of (G. 2* 38) 

which su-Tjrests k results in the following unified forni : 



0 

1 

n 


1 

1 

k -1 


jV.| > • • j 5 > \+i ’ 

^i + l ’ * * * ■ \ ’’ “ ’’®'n 


( ; -) 

^r>^2 ’“’^i-l''^i+t’*‘’^k 


x^x.t^t.,..,x._^ti_j- 

^i^i ’^i"i ’^i+l^i+l’^i^i 

• * ’^k+lFl<+l ’ 

•••'Vn 


("U*") z“G’Vi 

(3)Jbd ‘ ‘ 


' A-i -'^ ’ A.1 . ■ • . "■ ’‘r-i • • • 

"=i’^i-n’'i’’'k +1 *11 J ' 


valid ir 0 < Ra( /’j)* Be( Uj) , Bn( M.)<; Re( Uj+V Pj) 1 


j = l,..., k ahti i= 1 j... 5 k . 


Extension of (6,2.30) J 






' _ ' l' ■” i' 


( 1 i ' D 


nrovK.<^^ 


Hr. (/?.)< Re( u) , n< Re( /j)< Re( X-i^) 


which su?,£iests k results in the following unified form 


I . 4 _1 . bj . 4^, 4 . ....... Xj Xj 


'‘i ’^i + 1 , . . ,x^x. * 


valid if 0< Re( Re( Re( / a)c Re( 2^^+ 


/' Extension of (6.2.41) _7 


1 h 


(d..-!. ii)K*\r 





vhHcI If 0< Rf*( Re( f,) t n) i .1=1,* •* 

^1 .] ,1 .1 J «i 

/^^\'‘f:, ens I on ''Of C'6,'2.42 


' ^ A-1 '*’l ’ ^i*l ’• ■ ’^lc’’’lt+l ’ • • ■*'n’“’ N’'i ’ ■ ■ • 

'i-l^l'*l'Vl’'i Vi-Vt ’^n -7 - 

Valid if Rf‘( P.)'^ Re( ^, ) j 0'^Re( M-) Rp( ^j+ — /’.) > 

,j j J J .. j 


i=1 , . . . ,k and 


/~ Extension of (6,2.4‘l) 7 


( . 3 . 1 1 ) *|^\p 


’^1 *1‘'2^2 ’ 

... 

\+2k+i ’ 

n X t 
n n 


= ( O »^2 ’ * * * ’^k’ \+l > • • » "'i *^1^2 » ' * ’ ’^k+1* ' 

■:- i' ■ ■ • •• »^n -J 7', . 

valid If 0<C Re( * 0"^ ^®( j^)4 = 

/~Sjrtension of ( 6.2.44) _7 1 


which suggests 


k 


results in the 


foil o\ying 


unified form 


?>, ,V, ; . .; .Hj., ;», 

( X t 

5--' • "’^k 
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4*' 


r 



{i)^C 

ni'ovided 

j = If < • 


* — . 


— 


1 

1 

b 




k-l 

’ **’^1-1 '^i-*-! ’ "’'^k 

'i-i 


*’ > 

• ••• o*» 

V , 1 . , \ . r, . , . . . , 

1 + ! J + ! ' i 


I 

(Af-,-} 

X. t X . t . ,x , L. , 


n 

’^1 ’ * • • ’ ^i -l -1 ’ '‘i; ^i+1 

k k 1 1 '•■+ ! k+ 1 

, X 1 

’ n n 

1 



+ 1 ’ * * ’ 4 ’4 ’ ^k+ 1 ’ * ■ ’ 

— 

J 

’ * x) 

1 ’ 1 ’ 

• * • »^i ’^i+1 »* • ’^k’Vt ’*• 

,c ; X, X . , . . . , 
’nil’ 



% - 


0 Rp( A)< ne( ■^.) , 

J «J 

k anfi i=t , . . . , k 


(K Re(M)^ Re(^.* X-A) 

J J .1 .J 


/“ Extension of (G. 2. 45) J7 
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'^.1 Introduction The theory and applications of fractional 
calculus are based largely upon the familiar dit ferintegral operator 

defined by (of., e.g. , Oldham and S panier ^ 1 5 , p . 49_/ , Lavoie 

^ X ' 

ef. al. L ^^£1 J also Srivastava and Owa Z~3^. P*356 ) 


-hj. -1 


f{t) dt (Re(M)<o) 


,ra 4'-m, , 


( 0^ Re(A^)^ra; ineNo ) , 


where No = ^0 ,1 ,2 , . . . ^ 

For<=:0 , e quat i on ^.1 o 1 ) defines the classical Riemann - Liouville 
fractional derivntive( or integral) of order ju( or-jU). On the other hand 
when ot H»oo,equation^-1 . l) may be identified with the definition of the 
familiar Weyl fractional derivative (or integral) of order /-<( or -/^) (see 
for details, Erdelyi et al. /"■'’, chapter 1 3__7 and Sarako et al. Z~1 t7 )• 

For the sake of simplicity, the special case of the fractional calculus 
operator when o(=:0 will be written « Thus we have 


chapter VII 




* fractional derivatives of the mul tiple 
itypergeometric functions of several variables 



Tho computation of fractional derivatives (and fractional 

integrals) of special functions of one and more variables is 

important from I he point of view of the usefulness of these results in 

(for example) t!ie evaluation of series and integrals ( cf . , e.g. , 

Nisiiimoto /”l3_7 and Srivastava / 32_/ ) , the derivation of 

generating functions ( Srivastava and Manocha 28, chapter 5 „_/ ) » 

and the solutions of differential and integral equations ( cf .Nishimoto 

f » and Srivastava and Buschman £ 31, chapter 3_/ ; and see 

also Mcbride and Hoacii /~1^/ , Nishimoto £" %£/ ,and Srivastava 

and Saigo Z~2££- ) . Motivated by these and other avenues of 

applications , a number of workers have made use of the fractional 

A 

calculus operator D in the theory of special functions of one and 
more variables . 

Recently, Srivastava and Goyal gf”i 97 , have derived 
several fractional derivative formulae involving the mult i variable 
H- function defined by Srivastava and Panda if 20 , p. 271, eq.(4.l) 
et . seQ. _7 and studied systematically by then (see if 21 - 24 _7 ; 

(see also ) . Some obvious special cases of the results of 

Srivastava Jind Goyal / 1^/ were proved subsequently by Chouksey and ^ 

JMIWW WMNfW MmImM 

Sharina £ 4_/, Shnrma and Singh if33_„/, on the other^^have recently 
considered some straight forward variations of the results of Srivastava 
and Goyal ifl9__/. 


trtili 


-V -KiS!; . j; ' 

For special Interest, in chapter III we have derived 
fractional derivatives involving hypergeometric functions of four i 


variables . 


157 





In the present chapter, we shall derive fractional 
derivatives involvin- general i5?e(l multiple hyperj^eometric function of 
Srivastava and Daoust £ ^<=^J specially under those conditions which were 
restricted by Srivastava and Ooyal Z~27_7 , vvo shall also discuss their 
special cases to derive the fractional derivatives involving the multiple 
hypergeometric functions of several variables defined by LauriGoUa /"lO/ 
Exton /“o. 7_7 , Cbandel /'l_7 , Gbandel - Gnpla and Karlsson 

we shall also derive the results for confluent forms of the above 
multiple hypergeometric functions. Finally , we shall also derive 
multidimensional fractional derivatives involving multiple hypergeometri c 
functions of several variables (see also Chandel and Vishwakarma /”i7 ) • 


FP A (IT TONAL DERIVATIVES 


Srivastava and Goya 1 /"2l7 evaluated 


where _7 is multivariable H-function of Srivastava and 

Panda £ 2^ under certain conditions including min( P^,®7)^0 , 


Here we shall evaluate 


where mtn( H f'l.'q ) >0 , an<1 F _/ is generalized 

hypergeometric function of Srivastava an<l Daoust / defined by 


which is absolutely convergent if for all x. 


1 + 




>0 , i=l , . . . ,r 


j=l j j=l 


The fundamental difference of both the results is that Srivastava 
and Goyal have specially taken positive powers of (x + ) while 

here we specially consider negative powers of lx + 5 ) otherwise 
validity of the results of both will be destroyed. 

our main results are 


(-.2.1) xh x'" (x^ H-t + f 


A+2:B’ ; ,0 //"( a) : 9-' , . . . ^^,0 _7, 

r(l + k) F I 

n(l + k-/Ci) C+2:D’ ; . . . ,ol /■(c): f', , '^^"’^0-7 , 


/" , • • . / 1+k: Pj . • • > Pj.»^7:/~(b' ) : f„7; (b^^^ ) : 

/ - ?t ; or , . . , ix ,0__/ l + k-A*: P. » • • j P » iT" ( d ' ) :S *_/; , . jTTd^ ^ ^^_7 i 


fil- , . .. _V! , 

^ cr 


Re(k-//) > -1 , minC 'll, P. , C-. ) :^ 0 , 






( 7 . 2 . 2 ) I>x \.^ 


( 5 .''^T) *,..., 7^ X y (x *f,) ■ Ln * i; -/ i 


,,> k-/>^ k'V.f(l +'0 fCl+k') F 


A+4: B ’ ; 


. ; 0 ; n //" ( a) : • 


f’d+k-^x ) r(i+k’-/^‘ ) 


-:D’ ; ...;I>^ ;0;0 A ^ (c):i' , 




,..,P^,i}°J, /‘'l + k'--^ 




, . . . , p , 1 ,0 X 1 * ^ 1 » ♦ ’ * ’ 


j 0 d- ' X > 


r- 1 n 7 /” >'• "i’ , . . • »^-»l_7: 7"(b’ ) : • • • ’ 

,/^_;\; (T , . . . , cr ,1 ,0_/ , z. - A ’ r ’ ’ *“ 


nk('->):i‘ ■'7^ ■.-:-; 


Pi ^1 


X y 


P r 7j- 
7. X y 
r _,_ 


Acl'^A: 6 


(r)N. c(^) 7.-:-; 


^ <ry. 

f; ^ ^ 


,/ j > ’ 


Re{k -M)>- 1 , »e(k'-*i) > - 1 , x,y are inaopemlont 


( 1. 1' 

V T ( i) V aii) \ 


> 0 
^ j 


i = t , . 


(T. 2 . 1 ) In tke left hand side first . vc expand .multiple 
hvpereeonetric function and collect the powers of (x t §) , then by 


^■i 

i.^7 ; 


'77'.!?' 










Au,*,. .?.? Xii : ' ■'" ■ 






f f-sr -j F . fiAi'&x’ji.T; 3 r 



binomial expansion, we collecl the powers of x and finally we .apply the 
formula if 1 > P*'"^” _7 


Pr oof of (7.2.2) Here x and y are independent therefore by raalclng 
same techniues of { 7 <. 2 .l) separately w. r. 1 . x and y , we 
can derive ( 7 , 2 , 2 ) . 


SPECIAL CASES 


Use of one fractional derivative operatj^:. In this section, we 


cJerive the follo^vino; 


relations 


For ArrO j 0“^ = • • * = 0'^ =0 , , . . ♦ . , fj, ~ ^ ? 

replacing fj by and k by ^—1 , ( 7 * 2 ol) reduces to 


(7,3.1) . P 

...1 -. 7 ; 


rC^) x^-' //-(a); e' . . . '''y, /A : 1 . . . ,1.' 


C-h1:D' ; 


P( ^-M +1 ) 


rearrange the series to ( 7 . 2 ,l) 


^ , Re ( ^ ) > -1 


■^r 



ne( ^ ) > 0 

(7.3.3) D 

nx) 

= r(7u y 

R( X ) > 0 

(7.3.4) D 

P(X) 

Re( X ) > 0 

(7.3.6) 

n( X ) 

" f^(M) 

Re( X ) > 0 
Part i cular 

»k 

and Goya"! 



reduces trf the result due to 




educes to the result due to Srivastava and 


Re C > 0 


Vnax 


was given 


would 


wlien e=> or 


On the other hand 


sinilarly yield th^ following cornpari^ion of 


ave been recoyct ed earlier 


hich does not seem to 


fierce 0 met ri c t* unction 





^(M) 


r( A /‘-I r( n) m, . .. , Ro( ;^ ) > 0 

£ *-.'7-17 ^ _ I 

P(^*; ^ 


/_ ' ■ s r A — 1 (n) 

(t.3.12) 9'“^ 


, . . * ,3^.5^)^ , . . . X, . . .Zj^X_/ 


P(> ) ^P -1 ^(n) 
r( A ) ”i 


, . . . .a,^ ,b^ , . . . ;/x; z^x, . . . , z^. J , 


Re( A ) > 

0 



(7.3.13) 

A A 
D 

X 

r ^ —1 

1^ 

3 

r( A ) 


, { n ) r*- 

, . . . ,b 





J 

1 

where u 

:( n) 

i , 

t( n) 

4^ J 

$^n) 

J 

" O 

•^o 



;A;ZiX,...,z^x _/ j 
...,z X J , Ro(A);^ () 


and are confluent 


2 2 D 1 *3 

forms of Lauricelia’s multiple hypergeometric fimctlotis £ . 


(7.3.14) ,... 

(l) D ^ 


5^,...,b^;c,c-;z^x,...,z^x _/, Re(A)>Q 

= ...= r, , =1, where i2txKr*., irj^..v 

sbi)/-a.a' ,b, b ;A;z,x z, x J? ^ 


4 


16 i 


P{^) 

(k) 

(2> 

( n ) 

D 

- a ,a' ,h^ , • • . 


* . Z X , ^ 

il , ■ ;» 

:i,.( > ) ;> r, 

, ly- . . . 

- 1 

ir»- 1 n 

r- • r - 

5 k 5'^ 

r. + r , 

k n ’ 

r. 

> i ~ 1 I 


n 



( 7.:i.3 G) 

"X- M c 

>-i 

( k ) „ ( n ) /— , 



■>s \ 

E ^ a,a 

(t) C 

> /X ; ». y 5 * • • » 

n ’ 1 ’ ’ n 

r( 

(K) 

(I) 

c 

if~ o ) a ' , X ! *'■< > • 


--7 , 

. . , 7 X , ■' . , " . 

n — ’ 

Re{ ) >0 

, (vAr 

+ 

1 

+ Ar 1 ^ 

+ ( v^r 

^ ' k+l 

+ . - v/r^ ) 

jz.xj^ r. 

, i = l , . . 

• ,n 
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Here (k)g(n) Exton 's multiple hypergeonietric 


(1) D 


(2) D 


functions / 6,7__7 related to Lauricella's ^ while 

D (l) C 

is Chandel's multiple hypergeometrlc function 1 _J related to 

Lauricella's . 





1S5 


( 7 „ 3 . 19 ) 


T) 


X, 


AD 


Q 

I AD 


r '( ^ ) M -1 

. — 

AD 


° f’(M ) 

tnax 


{ lc )|.' t (^)/*> 'K H *00 

AD 


. . ,o ; /, 

1 ' 1 




Re(A ) > n 




• 3 


< 1 


„20) > X f Z/U,h,c , 

^ l)-AC 


( 7.3 

Jiiil /-I 

P(.'^) (l)^AC 


. . . , c /.^ x, 


J 7 , Rp ( ^ ) > D . 


r 




/ ^ -n ^ 

( To3. 23 , 3)^. 




>-I ( K )|( nV^,b 


( 3 ) -^AC 

P ( > ) ( lc ) T ( n),rA b 

P(A ) ( 2 )^AC 


., c ^;^^ x,...,V 

7J 


• • • J 


; z X , . . , ji'n^ 




z^x,. • . 


,-7 


/ \ ( k ) i ( n ) 1 , 

( 7 .:!. 22 ) D ^. ^ X 0 ^ P,b ,..., 

^ U ) -AD 

.,b^;c;z^y.,...,V 


u ; Ai / 

^ ^ A^-l (k)l( n) /~2 h 

X (p . /. A ,'A > . • • 

r ( A ) ( i)^AD 


bj^;c;/^x, ... ,z^x 


r(A ) 

k-l ( K ) j ( n ) 
{l)^BD 


(7.3 


'X -M „ 

- ^ X 


1 {l)^BD 

( i)^bD ^ 


Re (:^) 
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7, Ro(;^)>o 


> «> 


R<'( > ) 


Z 0 


( 7 . 3 . 24 ) 


■'- ( 2 )'^D 


P / / / \ / X ‘ 


Tf /A) 


( 2 ) "2 




. . , / X 7 > Rf'( ^ 

’ n ' "■ ;' 


H 


( K 7 (''*^ { k ) y ( T 5 ) 

M<- !‘ , ‘ f 


( k ) p ( n ) 


\n 


AD 


F''“^ are L aur i on 1 ! ;> ' s i ut o mod L a t n function 

HD ' I...' 
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whi ic 


( k) x( n) 


(k)j(n) _ (k)j(n) _ (k)j(n) , (k);j(i.) 

( 2 )- AC 


aro 


( 2 } 


(l)^\C ( 2 )-AC (l)-^Al> (l) 3 D 

their confluent fore-.s introduced by Chandel and Cupta Z^ 2 / . 


( 7 . 3 . 25 ) 

A-o 

D ^ 

X i- 

A_l 

X 

(k) g(n) 

(l) B 

' r* 

L ^ 

,bj ,. 

• ’^n‘ 

A,c' ;z^x, 

CO ) p‘ 

T( A ) " 

-1 (k), 

:i)' 

D 

1 ’ " 

, ,b 
^ n 

;/.i, c’ 

; i '- 1 J 

• * » 

Re( > ) > 0 

, ri = 

o • • — ] 

'’k ’ 

1 ' _ 
k + 1 

““ 0 • • 


r 4 ' 

k + 1 


1 = 1 

, O • * J 

k 


iz .X 
* 1 

1 < ^ 

, i 

■jr k 4- 1 5 • • ' 

( 7 . 3 . 26 ) 


A-t 

X 

(k) 

E<" 


, • 

° ’ n ’ 

a , A ' ^ 1 ’ 


X 1 


(l) 

D 





p( ;^) 

-t (k)g 

,( n) ~ 

a,b, 

» • • 

•’"n 

; c,yu; 


' ’ ’ '^k + 1 


( 1 ) 

D 

i 




ne{ A) '7 0 

, ^ 1 =* 

'• = ^k 

, r 

k+l 


• « ~ 

^n’ 

Vl " ^ 

i^it^ 

, i = 1 

, • • • 5 

k 

0 i 

z.xj 

< r . 

1 

, i 

= k+l, 

( 7 . 3 . 27 ) 

X 

V A - 

t ^ 

1 (k)^ 

( 2 ) 

7 ’/*, a’ 

D 

, h ^ > 

’ * ’ ’ ^ ’ 


’i 


X , . . , _/ , 


Yi 


^ . ,b ; c; 7 x, . . ^ J > 

(2) D ^ 

Be( A ) > 0 , 


- -r r = . . . = r , r .r = ^ n 

«•» - ^k ' ^k +1 11 k n k n 


\z.xU r . 


,1 = 1 , 


l^ik i"i , i = k+t , . . • ,n . 


/ > "^-1 (l':')o(n'>/ 

( 7 . 3 . 2^0 3 ^ [>- 


E' " / n.Ai.b ..b ; c;z^ x, . . ,xZj^ 

(2) I) 


■ "f I 


7 . 


f^-l (k)Jn) 

X , ■ , ■ .& . ■ 

■ (2) D 




E'"' Z a, ^ .b^ » •• 


, - ■ • , X |, , .j X , . . • , _y , 


n 


■b' 

liiliililliiiiiifi 




no ) 


I ( ] \ '^ ( n ^ 

X- ^ a,i., ,...,I',,:(C<,.'|,^,.....^„;X|X 


Re (>)>0 , ma>:( jz^x] , • • • , V'-,.-^'l) + , i + •••- ^^iK’ 




r(? ! 


.^'-I (k),,(r.. 


. . ,2 

’ 11 , 


^ 1 » • * >‘\, >^1 >••> * 5^ t, ^ b* 1 > * • ' 


P(^) g., ’-.-*■ 1 ' / n' 1 ' u f . ' 

Re( >\ } > i , niax( I vzp , . . , ( xz.J , j ] , . . . , jz^j ) 


k k + 1 


(7.3.35) D ^ a,p;c ,..,o ;z X,.,,/. x,z, 

X ^ (irAG ^ ^ 


* .Z. , / 


'■ (i;V. 




7.3.36) 



X 1 

ros ) 

,^-l (k)l(«) 

riAi i • 

( i }'*-AD 


(O^AD > V, - ^ 


,b^ , . . . ,l)j^ ; fj- ; X , . . , z.^x , ^ , 


« • • • Z 


Re( o^ ) > 0 . 


( 7 . 3 . 37 ) J)^ i 


n(A ) M-l (k)l(n)^z^ , ,, -c*/ - 7 X •' z 


" P(^ ) (t)-"BD 

( 7 . 3 . 38 ) ,...,b ; 

X l- nr. .1 K 


'k ’ k +1 


', Ro(?i )>0 


;c;o^^,,...,an;2,x,..,2^x_7} 


r( 7^ ) f^-i (k)p(n) r\ . , . . 

X k .1 A > b , b , . . , b , c; c;, .^.j » • . . , c ; z x , . . . , z x 

. Cl,. ^ Iv xn n 1 n 


■'-■■■: _a^ 

R(!( 7 ^) 7>0 , maxi |z, X [,..., iZj^.xj ) + ( ^ 


+ . . .H- iz^i ^ t 










a* J ::!!:. ■iM.f t'-- o' . ‘'(t o' 



'naxA 


max 


Re{ > ) > 0 


Re (;^)>0 


i?0 


P(^ ) (k):r(n) w fe -c < 

X f „ ^ j ■ »®i, > 


r(/^ 


j 


T 

(2) CD 


k + 1 


' n , 1 n ■■ . ■• ,. 


( .i)^CI> 


(7.3.45) D^ $ x'- / a,b ..,b^:; 4 ,(: 


1 ^.^,, , - • »Cn;z^K, . . ,Zj^x , 


l-f- 


, > • ‘ ^ } 




/Ci ] 

R-( A ) > ' 


( 2 ) CD 


a,b^ , . . , . . , x , . . ,z,^x , 


(7.3.46) D Sj 

X c 


'A-l (Kj 




r( >) 


....V-7i 


P -1 {k)x(n) /-■ 


f} 

Re( >. )> 0 


( 3 ) ^CD 


?v , . . ,t>^; S 0 • »’'''V’^V4.1 '’^» *• 


n’ 1 ’ •, k’ k-f 1. ■ ’ n 


(7.3.47) /-b.b^,..,b^;A.c^^,....o^;z,x,...z^x, 

^k +1 




Re( > )> 0 


(7.3.48) , . . ,b ; c;z X, . . , 

^ ( 4) -CD ’ ^ 


Z X 

n 



Re( ^ ) > 0 


Re(> )> 0 





is Karlsson’s tnultiple hypergeometrio fimctlon and 


introduced in the 


are the confluent forms of Karlsson 




r 


f(^ ) 


i 


^-1 3,b. 

(2)^AD ^ 
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;c ^^1 ,..,C^;z^x,..,z^>: _7. Re(A)> 0 . 


(T.a.ss, ‘3-;;'"^- 


‘“k+1 » 


/^-l (l;),T,(f) /“-> 


r(M) (3)^BD 

ReCX )> 0 , 


*k \ i-D T's 


k+1 


■•’%’^ b|^;.:;Z|.'<,.., 2 ^>.,z,^ . 


>Zn -7i 

k'' k+1 


ir 


( 7.3.Sf,) 


*X-1 

( k) x( n) 

1 

X 

' ([) 

( 3)-^BI) 

r( A ) 

■1 (k), 

r{n) r- 

^’Vi’ 

"r(M) ^ 

(3)' 


(7o3.57) 


7^-1 

( k ) x( n 

®x ^ 

X 

(0 

( 1 } 


a ,a. 


k+1 


,...s„+,.--.'»K’^;"l’‘’---V -''I 


X , . . , z X 

’ ■ n 


ro) 
>^(/> ) 


V 1 ) ■^i) 


, Re( A ) ;> 0 


, > ^ -1 k ^ l(ii) K h • "x • z X z X '~i 

(7.3.58) D Sx f Z. a,b^ , . . .,b^, ^ , z^x, . . . ,z^x j. 

• - C. / -I ' T^ 


(I'/D 

^ ) x^"' ,. ; 'ZjX x^x,Z|^^^ ,. ..Z|^ _/', Be(;^ ) :> 0 




i 


(T.).S9) x^"’ .■•.b„;o;ZjX,...,z^x,z^^j 

XL (J)^_D 

/i2j_ /-I ,h b ;o;z,-X VVl ••■•-''■n-2. )> « 


(t. 3.60) ^a.b,....b„a 


-/i 


n( >) 

~{tj} 


(b-1 


(2)-'D 


a,b^ ....,b^; = 


J7, Re( ;^ )> 0 . 





r' •: 




Re( ) >0 


are confluent Porms of I.aurieelia 


op C hand el and 


Ini ermed i ate functions 


new confluent forms o- 


whi If; 


ExtOn* s multiple liype rgeomet ri c functions 


is confluent forms of Chandel’s 


introduced 


all new confluent multi[)le hypex'gaonietri c functions 


in chapter V 


T.4. SPE CIAL CASES OF (7,2 


Use of two fractional 


we obtain the following results 


parameters in 




X y 


r{ ) r( A^' ) 


^'\c "-^’^'’^k+1 ,-*»^n; 2 |xy,. .,z^xy, 

r X , ,. . . , Z X , 

k+ 1 ’ n — ’ 


Re( >) >0 , Re^'^)>0 , ( ( z, xy( ^ xy| )” + jz .xj+ . .+ j7, Jtj < l 

1 iS- IC'^' 1 ! I 

(7.4.. 2} D_^. D^. jx y AD ^ ^1 ’ ‘ * ’ k+ 1 ' * ' ’ a ’ ^ 


’ K k+ ! ’ ’ n 


y-' /-I !.),(") , ..^..e 

r(l>) r(/a') AD * n ktl 




^k+1 ^ ’ * ■ ■ ’' 


fte(^)>0 , ReC2i')?0 , niax( Iz^ xyj , , . , j ^ x] , . . . , \z^xl ) < i 


(7.1.3) y^’“^ (k)p,(n) 

X y 1 




D^'y--*’"k^y’Vi^ 


> ^v,^' _/ 

n 


P( > ) rx A‘) 
n( A* ) r( /u') 


.P-t (k)„(n) /-., 


X y 




Z, yZ X 

k+ 1 ^ Ml 


Ro( >)>0 , Re( ?>')>0 , rnax( jz^xy] , . . • , Iz^xyj x| . . . j z^^xj )<1 


(7.4.4) D ^ 

X y L 


k'-p'. _i ^'_i ( ,^ } ( „) 


X y 




P( ?» ) P( iA' ) p_ J^J> ^ 

^ * y ■*■ '/j c 

P(Pi) P(AJ') CD “ ’ ’ I.’**’ ir ’ ' 


• ' * j z, xy 5 z X j «. « ■ 5 z -X. ,v "7 
. K k-f 1. ■ ■ ’ jri ;: 


k+l ’•*’%/’ 


Z- , . X , . . . , Z X /., , 

k+l ’ n — ' ’ 


0 . Re(,>')>0 , niax{ IZjXyl ,..,l 2 j^xy| )+ ( 




(7.4.5) (R)p(n) 

. V . '.. / \f J V'' 


, . . ,b^j > • • » 


Z. X, . . jZ, X, z y , .. ,z y 7 - 




n;/u) A a/) 


P—1 \ k / n ' -vl K h * r O .. C. 1 Z X ... ,7 , X , 

X y {• ^ » • • >’ 3 ^’ ’ k +1 ’ ’ f 1 k ’ 


CD 




Z X / 

n “ 


Re(?')7''> , ^^U')> 0 , 'Hax( Iz^ x| i .., }?;j_xl)+( xy{ -+...+ ^ ) < l 


(7.4.6) ^ /”a,/j';b , ,.. 

X \ L CD 


■'k^’ == 1^15 


. 7 


x^‘ V^“’ a,?k',b ,..,b :p,c ».,c ;2 x,..,2^: 

P(A3) ny) ' Cl) 


X 




■ X 2 

Re(>)>0 , Re(>’}^0 , tnax( jz^xl ,..,lz^xl)+( ' ■*■••• ^ 


/ \ ^ ”1 ^ **1 ( k ^b)/^,,/, * O'yXV ZXVT' 

(7.4.7) » D y | Z ,/ti'; c^ , . . , , /^xy , . . ,Zj^xy , z 

^ ^ I 4 I A 


(l)’'AC 




•••'V 


P(;^) P(^') p t p'_i (k''T(n) r- I 

•p - r. 77 r- y ;} /?> 

r(yu) r(jii') (i )-^Ac \ ’ 


Re(>)?0 , Re(>’)P^O . 


(7.4.8) y^‘‘^ 


••♦>v 


r(;H) p(X) , 

; — X y y L^f^i » • * * ?P* > > ° * > X , ♦ * • i. 

n(/U)P(/u') (i)\d 1 n 1 ktl 


Re(>)7 0 , Re(s')>0 . 


( 7 . 4 .Q^ 


x-p (k)|(n)/ 7 i' ij . . . ,b^;^;z^xy, 


• , z. xy ^ 





^ /“I /-I ,..,h ;p;z xy,..,z xy,z X,. 

P(/U) rx/Lj) (O^-nD ^ ^ 


Re(^)>0 , Rfi(^’)>0 . 


(7.4ol O) D n > X y E / a,D. , • • j” , ?>,a , x. 

X yc (l) D 


X,o.,Z,^X,Zj^ 


• • * ’ I 


P((^) P(^) p_| ^Ll (k)p(n) /- , V, .. ,1.,, V 'A 5f V rr \ 

y g; B 9 9 * * f f H fp i i ^ 9 ^ * 9 f '^1/4- 1 ? ® * f 

n(^j)r(u') (1) D * '' ' '' '‘^' ” 


llo(;')>0 , RetA'ho . r^=..=r|^, 


'■'n’ Vn'’’ ‘=1' 


and Iz^yUr. , !=■[<+ t,..,n. i / \ / \ 

(7.4.11) J5^'^ | ^ j , . . ,b^ ; , c ; z^ xy , . . , z^xy 


k+l''** •*’"n^ “^1 

r(;>)f’(^) (n)^ ^ . ..y , 

r(AJ)r(A») /.V .. 1 n 1 K 


(1) D 


k+1 


Re(^)>0 , He(;^’)>0 . r^ = ...=rj^, >l7-xyi<r^, 



fO) ^(^') 

P(^) P(P') 






n(A^) Hm’) 


(2) D 
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,l>^^;c;z^xv, - . V 


Re(>)>0 , Ro(?{>>0 , r^ 


^k’ ^k+1 


• * = ^v, ’ ^k' ’^n’ 


\z.xl<r. , i=l,...,k iZiy^^i • 


(7. .14) 


Z . X , . . , Z, X , 


•V,i£y.--.-4„i'y _/ 1 


n(jU)P(/j') (?) D 




Re('^)>0 , Re(^')'>0 • ^k+1 ' ' ’ * ’ Tk’^n ^k ^ 

Sz^x.l^r. , i=l,...,k ; jz^xy^ r^ , i=k+l,..., n • 


(7.4.15) D^-'' D^’-^'ix'''* y'’‘‘ 

7c y ( 2 ) D. 


_ /-I ,...b^;A^;z^xy...,z 

r(/Li) tx^’) ( 2 ) D 


, xy , z, ^ > X, 
k ’ k +1 ’ 

• J7 . 


Re{)i)?'0 , Rp(^')>0 , ^k+1 •*° ’ ^k*^n ” ^ ’ 

lz.xy|<;r. , i-1 , ... ,k and |z.xi<.r. , j=k+l,..,n . 


(7.4.16) D^‘*' y'”* '^f^"'4?-'^':'^>Vl'--’'n:='l''’--’Vv^ ; 
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P-i (k)T(n)/-.. j. 






(1) CD 


Tle(>)>0 , Re(;^')zO 






litltllliiliillfll# 


' " “r ^T' ;’' — - -j. .. 1 ..^. ■■— -3 - ' 

i • a.. -r 







Re(>)^n , Re(>')?0 . 


^ v/J >-1 {^Or(n) / 

(7 118) D D > X y f 

V ' • > •■» o>' X y > ( 1 ) CD 




/-I /'-I ('') 3 i(">/-a,;i;t.'.o,^^,,...c„;=’.,y,..,z^y,z^^,x...,z„ 

r(iu) r(ib») (i)^cD 


Re(>)>0 , He(?'')>0 . 


Re (;^)>0 , HeC ^')>0 . 


?* ^ r ^ — 1 ?> “1 ^ ^ ^ (fi ^ ^ ^ lU K b ’ /i* , C 

(7.4.20) D. y (3)laD^ ’ ^ 


, . • • c ; 
’ ^ n 


ro) ni) 


7.^ y , . . , ’ Vi ^ ’ • * * 


Re(^)>0 , Re{>')>0 


(3) CD 


Sit, ^ 1 • * f 2 j X / f ’ ' ' ! 

k + 1 » j 

. . , - ^ V ! . . r ( ‘ f „ 


ro) n>') 

r(P ) r(P') 


c ^-1 ’> -1 ( /Ta h . b • V, c . , . . , o ; X 

D f) y ^ > •• Vl ’ ’ n’ 1 

X y ^ (2) CD 


...,z^xy,7,^^,k,..,Zj^x _7 J 


*.'-1 (I<) l( n) _ . . ,b .p,, o , . . ,o^; z^xy , . . ,Zj^xy . 

(2) CD 


,z^x J , 


• , ; z .j xy , . . , 7^^ \'> , 7,^ ^ x , 


n(A) V') 
r(D) ('{P) 


pLl (k)^,-(n) ,, H h -r.,.-, V, vv/ 

‘ — — * — - — X y f ^ 7^ j A 5 P 4 j • * I ^ i> j ^ j ^ ^ i 3 • ‘ » '^ ^L. ’ ^ ^ if 4 . 1 ® 

r(^)PilJ) (4)^CD V k 1 k K-M 


Re( ^ )y 0 , Re( a' i? 0 . 


/ ■. >-1 >i'-1 ik)x( n) r-.. . , 

(7.4.22) D. D |x y' f _ ,b,bj , . . , 7^ 


xy 


(4) on 


'k+1 


r(A)P(7^) I (k^r(n) r- 

r(/u) r(/u') ■ (4)- CD 


I j - * 7p > ■'^y > • • ’ { '^ ' 


Re(;^)?0 , Re(A');.0 


"A-P v.^-^ (R)r(n) /- 


(7.4.23) b;'” 


a , b . 3 ♦ * j b , ^ 5 2: 4 y 


(4)‘^CD 


} * * 3 


r(^) ^(^) /a_i 4*'-i (l<)r(n) /- . b *jLi'- 

( 4 ) CD ^ 


!Z - . X- 5 * • 3 

k-fl ^ * !i 


Re(>)yO , Re(A')7 0 . 





P(^) r(; ^') 
P(^) fCM) 


Ro(>i )>0 , Re(A ’)>0 









(7.4.26) D, 


P{U)p{u') (i) n 

Re (>)> 0 , HeCiH' ) > 0 . 


fj -1 '^~'^ (k)x(n) 

p > X y ,i 


,b^;X; z^xy , . . ,2^xy , 

k+1^’ •* ’V-^ ? 


A-p c -1 ( k ) l( n)rf, ,b , . . ,b^,^ ;X' ; 2^ xy , . . , z^xy 

.. A “ ^ o \ '- "n ^ 


‘k+1 y > • ' ** ’^'ir 


P(jUi r(/^') “ (2) D 




Re(>)70 , lieti)?0 


•x-ju V-X^V ^*-1 /“/, /.' p c * z XV. . .»z, xy 

(7.4,28) D^: ^y ^ (l)^C - ^ ° • ’ « ’ 1 ^ 




f’(^) r(ju') (i)^c 


ne{?i)y 0 , Re(^)7 0 , 


"(.S. Use of three fractional dertvat ijve_oi^Xalg£^^ 

In this section, we obtain the following operational 

' ' ' ' '■"■"■ " I 


r’(»''(^'' fi., uL, 

— . X y 


(3)'‘bD 

z^i-i y > • • ’ ’ 


Re(^)>0 , ^' ) > 0 


re lat ionshl ps 




r(?>)ru)r(;^‘') 


P(p; r(iL/) r(iu'') 


« e (? k )>0 , Re '^>');>0 


r(/b') 
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Re(^)>0 , , Re(^)>'' j » ^k+1 


-r , r, + r =r„*r, 
n ’ k n n R 


|je.xyi < , i=1 • iin<J j^^xzj < r. , i~k+l , 


X-f- J-i . 


(7.5.4) ^ D.^ y 


(k)p( n) ^ ^ »^k’ ^"’®k+l » ' ' ^1 ’^+1 


r(;\}P(;^>)P(A‘’) ^pLi(k)p(n) , 

r(/u) r(A^) r(/y') ’ cd 


^ Z."^ r^^ > » • > ?P ^ ^k+I ’ * * ^ ^11 * '* * * 


’ 1 c + 1 *>'»*••’ ’ 


Re(^)>0, Re(>')>0 , Re(^")>0 , 


niax( l^jXZl , . . . .^j^xzl ) + ( ^ + . . . + j^^xy/ 1 


^ - >-/J y-U' „V^iU‘’r ;^-J >>'~1 ?>‘'-l 

(7.6.5) D D ^7 i ^ 

, X J •- 


Zk, -/5 

( j )'‘CD 


r(;^)n>)l-(A) /-I /-I /-I U)!!") /^,/;p»,c^^^...,o^;l,x.,,..,^zx, 

I’( A. ) PCt-') l'(lJ') <'>'™ 




Re(>)>0 , Re(?'')>0 , Re(;>'”)>0 . 


.5.6) 3 


V-m' ?v-i W-.1 is‘Li 


J> D 

y z 


X y 


( 4 )'‘-CP H A 


f \ 


V",^^ixy,..,^xy „/j - 


— * . ' ,l . , 
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s* 


p_-| /uLi jti-i {k)r(n) /~% ^ w h •/"• <5 xt £ xz ^ xv 

V 2 ® Z ^ » * • »°i * Mi S:+1 ^ 


^(^) n(P) 


(4)MD 




Re(>)>0 , Re(^)>0 , Re(^')>0 . 


7.6 MULTIDIMENSIONAL PRAgflONAL PERlVATIIi^ 


In this section, we derive the following nvult idimens i onal| 
fractional derivntives Involving tiie above tnultiple hypergt OTnetri c 


functions : 


(7.6.1) D 


> -/U 
'^1 '^1 
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CHAPTER VI I I 


applications op multiple hyperceometrtc function 


OF srivastava and daohst in statis tics 


8.1 Int rod tiet ion Different distributions have 


been discussed by various authors Rloclc and Rao Carlsson 


2j7, Daley Z"4_7, ^att ^abe /“t 


Kaufman, Mathai and 


Saxena /~8_7, Kendall Khatrl and Filial 7~10,11_7, Khatrt 


and Srivastava Littler and Faclcereil LuVacs and 

Naha Lukacs 7 Mathai ( to J’ 28'^ ) Mathai and 

Rat hie ( 7 2ji7 to ) , Mathai and Saxena ( / 8 5 ^ to 7~4l7 ) , 

1jL _ 

Miller 7~4^7 , Pillai, Al-Ani and Jo^ris £4^/, Filial and 
dour is 7~447» Pillai and Nagarsenker 4^, Robbins and Pitman 
746*7, Strawderman 751_7, Thaung 7~5^ and Wilks /"'5^7* Srivastava 
and Singhal if"497 studied many of the classical statistical 


distributions, which were associated with the beta and gamma 


distributions. Further Exton 7~®_7 discussed generalized beta 


and gamma distributions with other special multivariate distributions 


like Dirichlet distributions and wultji'arl ate normal distributions. 
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He also di -.cussetl tho expectations of some functions Invnlvinsf 
Lanricelln's nultinle hyperf^eonet ri c fund lorn? /~1 2.”^ . 



In the present chapter, we extend t fie above 
work and estalilish some probability density functions associated 
with the raul t i v’’ari at e beta and garama distributions and make 
their applications to obtain some expectations involving the 
most generalized multiple hypergeometric function of Srivastava 
and Daoust (see also Srivastava and Manocfia / 50 '',0,64 ) 

Finally, we also derive the moments for these multivariate 
beta and gamma distributions and discuss their special cases. 

8.2 FORMULAE REQUIRED 

For ready stock, in this section , we write 
the following results which will be used in our investigations: 


The Liouville's theorem (Also see Cliandel/f 3 ,p.83(3.ljl7) 



for all positive 


provided that 


values of 
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Euler's definition for gamma function 


oo 


(■^.2.2) r(z) 


^ e~^ dt , , Re(z)'> 0 


The definition of beta function (see, Srivastava and 
Manooha ^50, p.26 eq. (46) _/ 


(8.2.3) ) = 


. oo ‘^-1 

u 


(i.ur^ 


du , Re( "C ) > 0 , Re(p)>0 



8 . 3 Multivariate Gamma Distribution 


Consider the function 


provided that 


Re ( A ) > 0 


0 else where 


an appeal to (8.2,l) and (8.2.2) 


the value 


of multiple integral of 


,x ) over the region defined above 


, : .ri iff/ ' 


becomes unity. Hence f(x 


a frobabillty 




density function for multivariate 


.:'a ■ 


\ ^ J V'' 
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^ . 4 Expectation Associated wit h Multivariate 
dr amma I^i at r 1 hut 1 on 


The c.xr'cotat i '^>n vnlnc of t(ic riincMnn s f v 

is defined as 


f!x^ 

1 ri 


orresponding to density function defined by 




{S.4.2) 




r(ci’): ... ; 


■■ 




(■’'notion of Srivastnva and Daoust 


so sec Sr i ’krnst ava 


Now makin 


in app<tnl to 


expectation of 


ins' density Cnnction 


IS rr 1 ve n 


provided that 


X ) defined by (^.3.l) 


Corresponding to density function f(x 


if we consider the function 
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Tho M nJ t.i v»ripte Beta Distribution 


defined bv 


Consider the function 


) n(<<.+)v+/u + ) (x +...+X ) 


else where 


Now raakinc an appeal to (R.2.1) and (8.2.3), the value of ^nultiple 


over the region defined above in 


is probability density function 


becomes unity , -fence ^(x 


for multivariate beta distribution 






f! tat i on Associnten w 1 1 ri M u 1 t i v' a i at e 


I'efa Distribution 


Corresponrli n" to liensify fiinetion dofinod h 3 r fS.S.t) 


Consider the function 




1 I ■* . 

(l+X^ + .,. + X 


z x^'’(x +... + X )*’ 

, n n 1 n 

( 1 + x + . .+ x 
I n 


Tiien the expectation of C(x , ..,x ) is clven by 

1 n 


r / ~ 

C+2;D';... ; c ) : 


r h 


2J0 


I 'If* f 


,( i) 


I + 






.(i) 




1 = 1 


= 1 


J = ^ 




,i = i 


' * + 


i rz I I .n * 


Moment ^ienerajbijig.J*j»iclion_ J M_.i5_.il J. _ 
f’or. G amma D i stributio n 


The m.i.f. is defined as 


{q.7.l) M(t^,..,t^) 


.CM3 


,oo 


-CK) -OO 


p n x.i , ... 


dXi . . .dx^^ , 


provided that the integral is a function of the parameters 
t ,t only . 

Thus ra.g.f. for multivariate gamma distribution (h.: 1.1) is 
ft i ven by 




1 nd t Ilf' re B II 1 1 d no t o Sri v .■is f a v a 


finally derive 


ivhere 


is LauricellaVs fourth multiple hypergeometric 


function of several variables 


As a special case for /-i =0 


8.8 Moments for Gamma Distribution 


The moment 


for gamma distribution about 


of order r 


r is defined as the coefficient of 


when it is expanded in 


owers 





For n=l , from (8.7,3) , we derive the following 


for gamma distribution 


V'.i 4' ‘ I ^ 


The moment u' of density function F( x ) about 

^ TT ' F i n 

1 n 

(0,...,0) for beta distribution is defined as 


. . . F( x^ , ... ,x^).dXj 


Now substituting the value of P(xj,..,x^) from (fi.'i.t) in 
(8.9.1) and making an appeal to (8.2.l) and (p.2.3) , we 

finally derive 


r^+ > — (r^+.. + r^)_7 ‘ ** ^ 

n(>\) r(«»t+/i^+ . . .+^^) ( A'lt-. • -t-yO^) 


8 • Mo ment For Beta Distrib utXfln 


Thus an appeal to (‘'.2.1) Elves 






f roin 


we obtain following moment of r. ih order 


ihosit origin for szarnmn distribution 


Also for n=l 


gives following moment of r.tii order 


for beta distribution 


Now for special interest, we shall discuss the applications of 


other multiple hypergeoraetric functions of several variables in 


next cliapter 
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CIUPTEn IX 


#■ 

# 

# 

* 




a pplications of other multiple m^PEHr iE OMETHIC 
FUNCTIONS OF SWERAL VARIABLES I N STATISTICS 

9*1 Introrluct ion , Exton jf*7,p.222_J^ studied many 
special multivariate distributions having expectations in terms of 
Lauricella's multiple hypergeoiaetric functions Zl57* previous 

chapter VUI , we obtained some density . functions associated with 

'fil 

the multivariate gama and beta distributions and made their applications 

■A , 

to derive the expectations involving multiple hypergeometric functions 
of Srivastava and Paoust Z~ii>J7 • 

Motivated by the above work for special interest, here 


in the present chapter, we discuss some multivariate beta and gamma 
distributions and make their applications to derive some expectations 
or different functions in terms of multiple hypergeometric functions 


(k)g(n) 


( 1 ) D 

(k)p(n) 


'E'"' of Exton of Chandel 


(k) p,(n) 

(l) G 


(k)p.(n) 

(2) D 

Of Chandel and Gupta 
AD BD CD ' 

Of Karlsson /~9_7 and their confluent forms Introduced by Chandel 


and Gupta /”3__7 (Also see Gupta £‘%J and Chandel and Vlshwalcarma Z"4_7 




1 ’ l. r f 
* 






where 


else where 


de finer! by 


Correspondi ni^ to density function f 


consider the function 


f roni 


and making an appeal to the result due 


we obtain the oxi>ectntion 


having d e n s i t y f un c t i o n 


is multiple hypergeometric function related to 


where 


ini rodnoed by Bxton 


Lauricella' s 


from 


Further putting the values of f 


(9.2.4-) respectively in (9, 2.1) and making an appeal to the 


we derive the following 


ult due to Karlsson 


expectation value of g corresponding to density function f^ 



one of tlie intermediate I-auri 


Chandel and Gnpt a 


^eonc* t r i ( 


We now consider the density function 


sprOvided tiiat O^x 


b are positive, and f.=0 


ireal parts nr o and c-b 


else wtiere 


i d e r 


from 


corresponding to 


we derive the following expectation of 


funct ion 





(9.3.0) C J 


where iH another nultiple hypergeomolric f-inction related 


( 2 ) D 

to Lauricella's 


, Introduced by Exton r^J 


Consider tfie function 


( 9 . 2 . 10 ) 


S _ ( X ^ , X ) 






Now putting the x-alnes 


f and from (9.2*7) and (9o?.o10) 

3 3 


respectively i !) (<V.2.i)and making an appeal to the result due to 
Karlsson /"9, (3.1)_7 , got the expectation values of gg 

coi*res ponding to the function f 3 


a J gj) 


where 


(l4-(a) 


IS one O' 


intermediate Lauricella's multiple 


hvpergeometric functions clue to Chandel and Gupta j_ 3__/ . 


functions 


late gamma distribn 


In this section, wc discuss some density functions 
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associated with gawwa distributions and derive some expectations in 
involving multiple hypergeometric function. 
kh consider the density function 


{9.3.1) f(x,y,z) = 


n(a) r(a’) r(b) 


-x-v-/ a-t a’-l 
e ‘ X y / 


provided that 0 < x,y,z < oo , fte(a), Re{a’)>0 , Re (b) P'0 , 

and f(x,y,z) = 0 , else where . 

Consider another function 


0.3.2) g(x,y,7.) = ,.,F, Z'-:o, ... Z"-; : V'2-7 ' 

OO J ■■■ o'’< J . 

If 

Now making an appeal to the result due to Exton / 7 , p. 96 ( 3 . 4 . ( 4 ,6)_ 
’ . 4 fro derive the following expectation value of g(x,y,z) corresponding 

rr" '■ "ff:' 4 : . . ■ . 4 

i to the function f(x,y,z) 



7 . 



( 9 . 3 . 3 ) < g(x,y,z)> ( 

(1) C 


a 


,a* ^ji > • • ♦ j 5 


fWhOre ts multi ole hypergeoraetric function related to 

(1) C 


Lauricella s 



,(n) 


Introduced by Chandel Z~ ^ 


Now consider the density function 




i i t' 





provided that 0^ y,x 


n and f =0 else where 


Take 


from (3*3 ’4) and ( 9 . T . 5 ) 


Now putting the values of f and 


pectively in (9.2.1 ) and making an appeal to the result due to 


hande 1 


we obtain the following expectaiA<m. 


Now we consider the density function 


0 ' else where 



where 0 < x 


n.ancl f = 0 else where 


Consider another function 




Consider the function 


I, ij Now putting tile values of f and g from (9,3.7) and (9.3,8) 

respectively in (9.2.1 ) and then making an appeal to the result 
due to Chandel and Gupta /* 2 ,( 2 . 3)_7 , we get the following 
expectation of g corresponding to the function f ; 


(9.3.8) g(z,y,x^ 


+ w<: >x )y _7 


( 9 . 3 . 9 ) <: g( z ,y ,x, , . . . , x )> _ n a , a’ ,bj , . . . , h ; c ; ’ ’ ' ' ’ ^ 

1 n ( 2 -) D . ^ ^ " 


Consider the density function 


(9.3.10) 






Now putting the values of f and 


from 


respectively in (9.2.1 ) and malting an appeal to the result due to 


C hand el 


/ » obtain the following expectation 


of g having density function 


We consider another density function 


provided that 0 ■£: 


Further consider the function 


^ Now putting the values of f and g from (0.3.13) and (9.3.14) 
respectively in (9.2.1 ) and applying the result due to Chandel and 
^Vishwakarma / 4 , p. 1 78 ( 3 . 9 )_ 7 , we derive corresponding Expectation of g 



i nvoivlns 


muT t i V a riate Ga m ma clist r i jbj jjJj>n 


is given by 
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Co ns Id or t. hO' dens it' y function 


('>.1.-1) f, (y. = 


.^4X^ + 


,+X, ) 


p(a) r(by... r(\) 


b -1 

y • 1 . - ■ 


Re(a)^ 0 » Re(bj)> 0 , 

All 0 < y , Xj , . . • < f>o and f ^ , - • * 


else where 


Further consider’ 


( 9 . 4 . 5 ) 0^1 * 




'1c+t k+1 


* •• 0 


F / - : c : yoc _ ' 

1 ^ ’ n’-^ n— 5, 


0 $ y 


(X) , “^v 1 » * • • » ‘^n numbers , >^}f+1 > * * ' ’^n 


neither zero nor negative integers 


Now maHns an appeal to the result due to Channel and VtahwakarM 

/'4P.H)_7 . 


derive the expectation 






n 


consider the density function 











else where 


T ake 


result due to Chandel and Vishwakarma 


Now making an a 


we derive the expectation 


Consider the density function 


Re(a) > 0 


else where 




and take corresponding funetloii 








H- hf' re a 1 1 ( i - 1 , . . , n ) are any real n umbers 


hen the expeetaUon for the function g with density functi&M f 


Consider the density function 


and another function 


"k+l!' J 


I , . . . are any real numbers and '^i*** *’^n 
egative integers . 


Thus the expectation of g(y,z) having density function f(y,z) 


s given by 


-:c r X, + . ,+yrf X, 

0 1— ’ 1 1 k 




( 4 ) ^ CD 


-(y+z) 


P b 


n^/“- 


--7- 





given by 


Consider t iic probab i 1 tty density function 


h are negative integers 


Consider the density fiinct ion 


_y a-t 

* p ^ • y 


f(y) = 0 , else where 


Take another function 


l^l^^k+t’%+1 ’ * * J^1 ^ ^n’^n’ “^ir 


0 < y c oo , j > • • • > ^ 

neither zero nor negaiive integers 


are any real numbers and 


Then the expectation of g(y) having density function f(y) 



Oonsif^er another function 


b are negative integers 


numbers , b 


having density function 


Then the expecta* ion for 


Consider the density function 


Re(a)> 0 , Re(b. ) > 0 


else where 


z ) having density func^i 





Consider the density function 


( 9 . 1 . 25 ) = P(a, ,) ...«a„) t'(b.) ... «V 

ll!" "T* I O I. ^ 








Re ( a • ) ^ 0 » 1 ) > 0 , i = ^+1 1 . . . > J - f • • » 

1 . ' 

else where . 


(9.4.26) gCzj »•• >*=n>yic+i»** ® ky^k+1 


’hus the expectation for f ( z.^ , . . >z^ 


y, ..,»*»y„) having density 
•'k+l* ’•'n 


fund ion 


given by 




— y*’'‘ '^u 

r(a) P(b) 


(9.4.24) <'g(y,Kj ^ 


(O^BD ^ 


Consider the density function 



ate any real numbers and c 


are 


neither zero nor nej^af ive integers 


Thus the expeel ation for the function g(x,y) having density function 


is gi'''en by 


onsider the density function 


(x+y+y.+. .+y 


0 else where 


OSx,y<.>o , ..,c^ are neither zero nor negative intr^,eirs 

while are any real numbers . 


Thus tlie expecJaiinn for the function g{x,y)!inviti.‘’ density f unct i 
T(x,y ,y, , . • ,y. y iS given by 


(9.1.‘^3) ^ g(x,yi > 


a,h,b ,..,b ;c 

(5>-'CD 




Consider tfie dcnsitj' function f(x) 


!(!i.!, 34) f{x) 


“ ^ , He(a)>0 , 0 < X y oo 


Farther consider 


(9.4.35) g(x) =. 


(1-V> 


F /“-• 

( I /. , 


-7 


if”-; c ; x*t 
0 1 ’ n n 


^ . 1 are nr- 1 1 he r- xe ro nor ?iega(ivc iiitege,-s and are 


any real nimibers. 


i’hur; ( 'i(i expectation for the function g(x) haying density I'unction 
?(x) is given hy 


(fl.j.'to) <g(x)> = /-„,b 

(6)-'-CD ^ 




n ' 1 


n — ' 4 


Consider the density function 



..J * ® U / *■ 1, • “ ? ^ 4 7 


^ 1 ' " k 


r(a) n(b^^ 


Re(a)>0 , Re(hj)>0 , j ,= 1 , . . . k , 0 <. x ,yj , . . - ,yi^ </>o 

ami f(x.y, ,....y. ) = 0 , else where . 


Take 


(0.4.3 8)-^^, ) = exp/^xCy^-Cj + .-.+Vj^Kj^ )„■ • ’ °k+l ’ '^k+l^- 




F f~ -\ c : < X _7 » 
— 0 1-^ ’ n’ n ’ 


neither zero nor negative integers, while 


: are any real numbers, 

i n 

Thus the expectation for the function g( x,y^ , . . ) having 

density function f ( x ,y^ , . . ,yj^) is given by 


(6)^CD 


Consider the density function 


(9.4.40) f(x) 


‘e“^ 


Re{a)>0 , 0.$ X < oo and f(x) = 0 , else where 


Further Consider 


(9.4.41) g(x) 


TT (l-’^4x) ii^i ’ ^v+1 1 






c are neither 


are any real numbers and c 


zero nor negat ive intej^ers 


Then the expentation for g(x) having density function 


Consider tlie density function 


x+y, + . .+v 


else 'svhere 


are any real numbers and 


intesers while 


are neither zero nor ne^ativ 


where c 


are any real numbers 


Then the expectation for 


having density function 


is given iiy 



else 


=. . T ^ a ,b. , . . , D , 


( 2 ) ^AD 


(O.i.lfij r(x,y, ,..,.y^,Vl’--’’"n' r(a) r(b^)".. P( b,, ) ’|■'( ^, ) . . P( 


j=l ^ j=:k+1 ■’ 


Il«(a)‘7 0 , Re{b.):>n , i = 1» . , k , Re(a.)>0 , .}=k+l , 

O^x , Yi > • • • >y|<;>^}^+l » • • * ’ * * ’^k’^^k+l ’ • * 


(9.4.47) € ^ ^ ’ Y. > • • > Yj^ » 


• • ■*■*^1,^5' 1,"'' "Sj-j-i ^ 


k k+1 k+1 


0^ x,y^ , .. ,.. ,x^< »o , are any real numbers 


khere c is neither zero nor negative integers. 


;n the expectation for g(x,y. ,.. ,y^,x^^^ ,. ^jX^) having density 


Tunction r(x,v. , . . .y,.,x,,. . , . . ,x„) is given by 
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t *1(1 density function 


else where 


real numbers w 


V ) is g i ven hy 


fund ion 


ons 


e 1 se where 










tny numbers while c 


,c are neither nor negativ 


expoftat i nn for the function 


i VC n by 


0 n s i < 1 f r t it o i ! c n s i f y f 1 1 notion 


else where 


where c is neitliei- zero negative integer 


en the expectation for the function g(x',y. 


having density 


is given by 



Also 




( 0 . 5 , 1 ) For k=0 , froFi {9.2.5) and (9.2.9), wo deduce Bpa»'a*ely 
tlie result due to Exton Z~5 , (7 . ?,t . 5)_7 . 

J 

('"'. 5 . 2 ) For l:=n , fron (o.2.6), we derive tlm result to 

Exton j”? ,( 7 . 2.3.1 } _7 , 


9 . 5 . 5 ) For k=sn , ( 9. 2 .1 1 ) gives the result due to Exton 
[ /"t, ( 7 . 2 . 1 .5)_7 . 


9.5.5) Further for k=0 , from (9.3.6) and (9-3.9), we deduce the 

^ so ij, - j _ 

result due to Ext on / 7, (7. 2.3.2) 


( 9 . 5 . 7 ) For k=n, from (9.3 .12) and (9.3.15), we derive the result 

, f 

due to Exton /"7(7.2.3.2) J7- 


For further special interest, we have also obtained 
x|7cei^cm^ in terns of hypergenwetr ic functions of four variables 


f Fxion if 6__7 and Sharna and Parihar ifijf, but due to lack of space,' 


we do not produce them here. 


( 0 . 5 .S) For k=n , from r/e obtain the result due t* 

Fxton ^7, ( 7 . 2. 1.5) 7, 


( 9 . 5 . 4 ) For k=:0 , ( 9 . 2 . 11 ) gives the result due to Fxton 

/■7, ( 2 . 2 . 1 . 6 ) J 
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